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STRONG CONNECTIONS AND THE RELATIVE CHERN-GALOIS
CHARACTER FOR CORINGS
GABRIELLA BO¨HM AND TOMASZ BRZEZIN´SKI
Abstract. The Chern-Galois theory is developed for corings or coalgebras over
non-commutative rings. As the first step the notion of an entwined extension as an
extension of algebras within a bijective entwining structure over a non-commutative
ring is introduced. A strong connection for an entwined extension is defined and
it is shown to be closely related to the Galois property and to the equivariant pro-
jectivity of the extension. A generalisation of the Doi theorem on total integrals in
the framework of entwining structures over a non-commutative ring is obtained, and
the bearing of strong connections on properties such as faithful flatness or relative
injectivity is revealed. A family of morphisms between the K0-group of the category
of finitely generated projective comodules of a coring and even relative cyclic homol-
ogy groups of the base algebra of an entwined extension with a strong connection
is constructed. This is termed a relative Chern-Galois character. Explicit examples
include the computation of a Chern-Galois character of depth 2 Frobenius split (or
separable) extensions over a separable algebra R. Finitely generated and projec-
tive modules are associated to an entwined extension with a strong connection, the
explicit form of idempotents is derived, the corresponding (relative) Chern charac-
ters are computed, and their connection with the relative Chern-Galois character is
explained.
1. Introduction
The Chern-Connes pairing is one of the most important and powerful tools of non-
commutative differential geometry [18]. In a recent paper [12] a formalism has been de-
veloped connecting a certain class of coalgebra-Galois extensions or non-commutative
principal bundles [13] [11] with the K-theoretic aspects of associated modules or (mod-
ules of sections of) non-commutative vector bundles. The key tool in this formalism is
the notion of a strong connection introduced for Hopf-Galois extensions in [22] and ex-
tended to the coalgebra-Galois case in [14], while the bridge between coalgebra-Galois
extensions and the K-theory is provided by a Chern-Galois character.
In a series of papers [26], [27] L. Kadison has shown that certain depth 2 extensions
of algebras fit naturally into a framework of generalised Galois-type extensions in
which a Hopf algebra or, more generally, a coalgebra, is replaced by a Hopf algebroid
or, more generally, by a coring. The key here is the crucial discovery made in [28] that
to any depth 2 extension one can associate two bialgebroids which (co)act on the total
algebra of the extension. Geometrically, these new families of Galois-type extensions
can be understood as (principal) bundles in which a standard fibre is a groupoid
(rather than a group as in classical principal bundles). From the algebraic point of
view, as in the case of coalgebra-Galois extensions, these Hopf algebroid extensions
are given in terms of Galois corings. The Galois theory for Hopf algebroids has been
Date: November 13, 2018.
1991 Mathematics Subject Classification. 16W30; 58B34; 16E40; 19D55.
1
2 GABRIELLA BO¨HM AND TOMASZ BRZEZIN´SKI
developed and generalised further in [6] within a framework of entwining structures
over non-commutative rings, introduced earlier in [4]. Galois extensions for Frobenius
Hopf algebroids were studied in [1] using the language of double algebras.
The Chern-Galois theory is developed in [12] within the framework of bijective en-
twining structures over a field. The aim of the present paper is to develop the relative
Chern-Galois theory (relative in the sense of Hochschild) within bijective entwining
structures over non-commutative rings, and then to illustrate that the theory thus
developed is perfectly suited for describing examples coming from depth 2 extensions.
The outline and main results of the paper are as follows.
We begin in Section 2 with a description of preliminary results. The topics covered
include R-rings and corings, entwining structures over non-commutative rings and
their entwined modules, and the relative cyclic homology. In particular we introduce
the notion of an entwined extension in Definition 2.2 and construct a new example
of an entwining structure over a ring in Example 2.3 and Remark 2.4. In Section 3
we introduce the notion of a strong T -connection in a bijective entwining structure
over a non-commutative ring – the first main object of studies of the present paper.
Theorem 3.7 contains the first main result of the article: it relates the existence of a
strong connection to the Galois property and equivariant projectivity of an entwined
extension. The notion of equivariant projectivity is introduced earlier in Section 3
and is related to the existence of connections through a generalised Cuntz-Quillen
Theorem 3.3. We illustrate the notion of a strong connection on a number of examples.
In particular, we construct an example of a strong connection in a depth 2 Frobenius
split (or, dually, separable) extension over a separable algebra R.
Section 4 is devoted to a special case of entwined extensions in which the coaction
is given by a grouplike element in a coring. In particular we extend Doi’s theorem
on total integrals in Proposition 4.2. We also describe how the existence of strong
T -connections is related to the direct summand property, faithful flatness and relative
injectivity of an entwined extension.
The main results of the paper are contained in Section 5. First in Theorem 5.4, for
any T -flat entwined extension B ⊆ A with a strong T -connection ℓT and a finitely
generated and projective comodule of the structure coring C, we construct a family
of even cycles in the T -relative cyclic complex of B. These cycles give rise to a family
of maps from the Grothendieck group of isomorphism classes of finitely generated and
projective C-comodules to even T -relative cyclic homology of B. This family that a
priori depends on the choice of a strong connection, is termed a relative Chern-Galois
character. We compute explicit forms of the relative Chern-Galois character for cleft
Hopf algebroid extensions and for depth 2 Frobenius split extensions. We then prove
that, with additional assumptions, the value of the relative Chern-Galois character is
equal to the value of the relative Chern character of B. This is done by associating
a finitely generated (relative) projective B-module to an entwined extension with a
strong T -connection in Theorem 5.8, and calculating its idempotent in Theorem 5.10
and the corresponding relative Chern character in Lemma 5.13. In this case the
relative Chern-Galois character does not depend on the choice of a strong T -connection
by the cyclic-homology arguments.
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2. Entwined extensions and relative cyclic homology
We work over an associative commutative ring k with unit. All algebras are assumed
to be associative and with a unit. Throughout, R denotes a k-algebra and C denotes
an R-coring with a coproduct ∆C and a counit εC . MR denotes the category of
right R-modules, MC denotes the category of right C-comodules, etc. The notational
conventions for Hom-functors are Hom−R(−,−) for right R-modules, HomR−(−,−)
for left R-modules, HomR,R(−,−) for R-bimodules, and similarly but with upper
indices for comodules of a coring. Actions and coactions are denoted by ̺ with the
position of the index indicating the side on which a ring or coring acts or coacts, for
example ̺M denotes the right action of a ring on a module M , and
A̺ denotes a left
coaction of a coring on a comodule A etc.
2.1. R-rings. An R-ring A is a monoid in the monoidal category of bimodules for
a k-algebra R. That is, A is an R-R bimodule equipped with an R-R bilinear as-
sociative multiplication map µA : A⊗
R
A → A and an R-R bilinear unit map for the
multiplication, ηA : R→ A.
Composing µA with the canonical epimorphism A⊗
k
A → A⊗
R
A, one obtains a k-
algebra structure on A with unit element 1A := ηA(1R). Conversely, the R-ring
structure is determined by the k-algebra structure of A and the unit map ηA via the
usual coequaliser construction.
Since any module for the k-algebra A is in particular an R-module (via the algebra
homomorphism ηA), the notions of modules for the R-ring A, and for the correspond-
ing k-algebra, coincide.
The left regular module for the base algebra R extends to a left A-module if and
only if there exists a left augmentation map R̺, i.e. a left R-linear retraction of ηA
satisfying R̺(aa
′) = R̺(aηA(R̺(a
′))), for all a, a′ ∈ A.
The invariants of a left A-module M with respect to the left augmentation R̺ are
defined as elements m ∈M for which am = ηA(R̺(a))m for all a ∈ A. The k-module
of invariants in M is isomorphic to HomA−(R,M).
An R-ring A is called separable if the multiplication map µA : A⊗
R
A→ A is a split
epi in the category of A-A bimodules. It is equivalent to the existence of an R-R
bilinear map ζ : R→ A⊗
R
A such that
(2.1) (µA⊗
R
A) ◦ (A⊗
R
ζ) = (A⊗
R
µA) ◦ (ζ⊗
R
A), µA ◦ ζ = ηA.
The element ζ(1R) of A⊗
R
A is called a separability idempotent. If A is a separable
R-ring such that the unit map ηA is injective, then A is called a separable extension
of R.
2.2. R-corings. An R-coring C is a comonoid in the monoidal category of bimodules
for a k-algebra R. That is, C is an R-R bimodule equipped with an R-R bilinear
coassociative comultiplication map ∆C : C → C⊗
R
C and an R-R bilinear counit map
εC : C → R.
A right comodule for an R-coring C is a pair (M, ̺M) consisting of a right R-
module M and a right R-linear coassociative and counital coaction ̺M :M →M⊗
R
C
of C on M . The morphisms of right C-comodules are right R-linear maps which
are compatible with the coactions. In accordance with our general conventions, the
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category of right C-comodules is denoted by MC . Left comodules for R-corings and
their morphims are defined analogously, and their category is denoted by CM.
In explicit calculations we often use Sweedler’s notation for coproduct ∆C(c) =∑
c(1)⊗
R
c(2), right coaction ̺
M (m) =
∑
m[0]⊗
R
m[1] ∈M⊗
R
C, and left coaction N̺(n) =∑
n(−1)⊗
R
n(0) ∈ C⊗
R
N . We make notational difference between left and right coactions
(note different types of brackets used), since later on we deal with R-R bimodules
which are left and right C-comodules, but not necessarily C-C bicomodules.
Given a k-algebra B, BM
C denotes the category of B-R bimodules that are at
the same time right C-comodules with a left B-linear coaction. For any M ∈ BM
C ,
the right R-module B⊗
k
M is a right C-comodule with the natural coaction ̺B⊗kM =
B⊗
k
̺M , and the left B-multiplication M̺ : B⊗
k
M → M is a right C-comodule map.
By [9, Lemma 5.1], the right regular module for the base algebra R extends to a
right C-comodule if and only if the left regular R-module extends to a left C-comodule.
These properties are equivalent to the existence of a grouplike element in C, that is
an element e such that ∆C(e) = e⊗
R
e and εC(e) = 1R. In terms of a grouplike element
e the right and left coactions are given by
̺R : R→ C, r 7→ er, and R̺ : R→ C, r 7→ re.
The coinvariants of a right C-comodule M with respect to a grouplike element e ∈
C are defined as elements m ∈ M such that ̺M (m) = m⊗
R
e. The k-module of
coinvariants in M is isomorphic to Hom−C(R,M) [16, 28.4]. The coinvariants of
left C-comodules with respect to a grouplike element are defined analogously. In
particular, the coinvariants of R as a left, and as a right C-comodule coincide, and
form a unital k-subalgebra B of R [16, 28.5 (1)]. An R-coring C with a grouplike
element e is called a Galois coring, provided the canonical map
canR : R⊗
B
R→ C, r⊗
B
r′ 7→ rer′
is bijective. In this case canR establishes an R-coring isomorphism between C and
the canonical Sweedler coring R⊗
B
R.
For an R-coring C, the left R-dual ∗C : = HomR−(C,R) is an R-ring with multi-
plication
(ff ′)(c) =
∑
f ′(c(1)f(c(2))), for all f, f
′ ∈ ∗C, c ∈ C.
The unit map R → ∗C is given by r 7→ [ c 7→ εC(cr) ] . Any right C-comodule M
with coaction ̺M(m) =
∑
m[0]⊗
R
m[1] determines a right module for
∗C via
mf =
∑
m[0]f(m[1]), for all m ∈M, f ∈
∗C.
Since C-colinear maps are ∗C-linear, there is a faithful functor MC →M∗C . It is an
isomorphism if and only if C is a finitely generated and projective left R-module [16,
19.5-6].
An R-coring C is called a coseparable coring if the coproduct ∆C : C → C⊗
R
C is a
split monic in the category of C-C bicomodules. By [16, 26.1], this is equivalent to
the existence of a cointegral, i.e. an R-R bilinear map δ : C⊗
R
C → R, such that
(C⊗
R
δ) ◦ (∆C⊗
R
C) = (δ⊗
R
C) ◦ (C⊗
R
∆C), δ ◦∆C = εC.
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2.3. R-entwining structures and entwined modules. A right entwining structure
(A,C, ψ)R over a k-algebra R consists of an R-ring A, an R-coring C and an R-R
bilinear map ψ : C⊗
R
A→ A⊗
R
C satisfying the following conditions
ψ ◦ (C⊗
R
µA) = (µA⊗
R
C) ◦ (A⊗
R
ψ) ◦ (ψ⊗
R
A),
ψ ◦ (C⊗
R
ηA) = ηA⊗
R
C,
(A⊗
R
∆C) ◦ ψ = (ψ⊗
R
C) ◦ (C⊗
R
ψ) ◦ (∆C⊗
R
A),
(A⊗
R
εC) ◦ ψ = εC⊗
R
A.
A right entwined module for a right entwining structure (A,C, ψ)R is a right A-module
and a right C-comodule M such that
̺M ◦ ̺M = (̺M⊗
R
C) ◦ (M⊗
R
ψ) ◦ (̺M⊗
R
A).
The morphisms of entwined modules are right A-linear right C-colinear maps. The
category of right entwined modules for a right entwining structure (A,C, ψ)R is de-
noted by MCA(ψ).
Applying the construction in [4, Example 4.5], to a right entwining structure
(A,C, ψ)R one can associate an A-coring (A⊗
R
C)ψ as follows. (A⊗
R
C)ψ = A⊗
R
C with
the obvious left A-module structure. The right A-module structure is given by
(a⊗
R
c)a′ = aψ(c⊗
R
a′), for all a⊗
R
c ∈ A⊗
R
C, a′ ∈ A.
The coproduct is A⊗
R
∆C and the counit is A⊗
R
εC . Using the same line of argument
as in [9, Proposition 2.2], one checks that right comodules for the A-coring (A⊗
R
C)ψ
can be identified with right entwined modules for the entwining structure (A,C, ψ)R
via the identification of M⊗
A
(A⊗
R
C) with M⊗
R
C for any object M in M
(A⊗
R
C)ψ .
Conversely, if A⊗
R
C is an A-coring with obvious left multiplication, coproduct
A⊗
R
∆C and counit A⊗
R
εC , then the map
(2.2) ψ : C⊗
R
A→ A⊗
R
C, c⊗
R
a 7→ (1A⊗
R
c)a
gives rise to a right entwining structure (A,C, ψ)R over R, provided that
(2.3) ̺
A⊗
R
C
◦ (A⊗
R
C⊗
k
ηA) = A⊗
R
̺C ,
where ̺
A⊗
R
C
is the right A-product in A⊗
R
C and ̺C is the right R-product in C. The
condition (2.3) is necessary and sufficient to ensure that the map ψ in (2.2) is right
R-linear.
If A is an entwined module for a right entwining structure (A,C, ψ)R with the right
regular action and a C-coaction ̺A, then ̺A(1A) is a grouplike element in (A⊗
R
C)ψ.
For an entwined module M , the coinvariants with respect to ̺A(1A) are denoted by
M coC .
Left entwining structures over a k-algebra R are defined in a symmetric way. A
left entwining structure R(A,C, ψ) consists of an R-ring A, an R-coring C and an
R-R bilinear map ψ : A⊗
R
C → C⊗
R
A satisfying compatibility conditions, analogous
to the right entwining case. Analogously, one defines the category CAM(ψ) of left
entwined modules. To a left entwining structure R(A,C, ψ) one can associate an A-
coring (C⊗
R
A)ψ, whose left comodules can be identified with left entwined modules. In
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case A is itself a left entwined module with the left regular action, the coinvariants of
any left entwined module M with respect to the grouplike element A̺(1A) ∈ (C⊗
R
A)ψ
are denoted by coCM .
An example of a left entwining structure over R can be constructed by the straight-
forward generalisation of [11, Theorem 2.7].
Example 2.1. Consider an R-coring D, and an R-ring A that is also a left D-
comodule with the coaction A̺. Let
B = {b ∈ A | ∀a ∈ A, A̺(ab) = A̺(a)b}
and suppose that the (left canonical) map
canl : A⊗
B
A→ D⊗
R
A, a⊗
B
a′ 7→ A̺(a)a′
is bijective. Then R(A,D, ψcan) is a left entwining structure with the entwining map
(2.4) ψcan : A⊗
R
D → D⊗
R
A, a⊗
R
d 7→ canl(a canl
−1(d⊗
R
1A)).
The corresponding coring (D⊗
R
A)ψcan is a Galois A-coring with respect to the grouplike
element A̺(1A), hence A is a left entwined module over R(A,D, ψcan), and B =
coDA.
A right entwining structure (A,C, ψ)R is said to be bijective if ψ is a bijection. In
this case R(A,C, ψ
−1) is a left entwining structure and ψ is an isomorphism of corings
(C⊗
R
A)ψ−1 → (A⊗
R
C)ψ.
2.4. Entwined extensions. In view of Sections 2.2 and 2.3, the following statements
about a bijective right entwining structure (A,C, ψ)R are equivalent.
(a) A ∈MCA(ψ) with the right regular A-action and the coaction ̺
A : A→ A⊗
R
C;
(b) A is a right comodule for the A-coring (A⊗
R
C)ψ with the right regular A-action
and the coaction ̺A : A→ A⊗
A
(A⊗
R
C) ≃ A⊗
R
C;
(c) ̺A(1A) is a grouplike element in the A-coring (A⊗
R
C)ψ;
(d) A is a left comodule for the A-coring (A⊗
R
C)ψ with the left regular A-action and
the coaction
A→ (A⊗
R
C)⊗
A
A ≃ A⊗
R
C a 7→ a̺A(1A);
(e) ψ−1
(
̺A(1A)
)
is a grouplike element in the A-coring (C⊗
R
A)ψ−1 ;
(f) A is a right comodule for the A-coring (C⊗
R
A)ψ−1 with the right regular A-action
and the coaction
A→ A⊗
A
(C⊗
R
A) ≃ C⊗
R
A a 7→ ψ−1
(
̺A(1A)
)
a ≡ ψ−1
(
̺A(a)
)
;
(g) A is a left comodule for the A-coring (C⊗
R
A)ψ−1 with the left regular A-action
and the coaction
A→ (C⊗
R
A)⊗
A
A ≃ C⊗
R
A a 7→ ψ−1
(
a̺A(1A)
)
;
(h) A ∈ CAM(ψ
−1) with the left regular A-action and the coaction
(2.5) A̺ : A→ C⊗
R
A a 7→ ψ−1
(
a̺A(1A)
)
.
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Suppose that (A,C, ψ)R is a bijective right entwining structure such that the equiv-
alent conditions (a)-(h) hold. The coinvariants of A as a right entwined module for
the right entwining structure (A,C, ψ)R, and as a left entwined module for the left
entwining structure R(A,C, ψ
−1) are the elements of the same k-subalgebra of A,
B = AcoC = {b ∈ A | ̺A(b) = b̺A(1A)} = {b ∈ A | ∀a ∈ A, ̺
A(ba) = b̺A(a)}
= coCA = {b ∈ A | A̺(b) = A̺(1A)b} = {b ∈ A | ∀a ∈ A,
A̺(ab) = A̺(a)b}.
Definition 2.2. Let (A,C, ψ)R be a bijective right entwining structure. An algebra
extension B ⊆ A is called an entwined extension provided the equivalent conditions
(a)-(h) are satisfied and B is the k-subalgebra of coinvariants.
If, in a bijective right entwining structure (A,C, ψ)R over R, the coring C possesses
a grouplike element e, then 1A⊗
R
e is a grouplike element in the A-coring (A⊗
R
C)ψ.
Hence the conditions (a)-(h) hold. In particular, the right (A,C, ψ)R, and the left
R(A,C, ψ
−1)-coactions on A come out as, for a ∈ A,
(2.6) ̺A(a) = ψ(e⊗
R
a) and A̺(a) = ψ−1(a⊗
R
e).
The subalgebra B = AcoC of coinvariants in A comes out as
B = { b ∈ A | ̺A(b) = b⊗
R
e } ≡ { b ∈ A | A̺(b) = e⊗
R
b }.
In this situation we say that the entwined extension B ⊆ A is given by a grouplike
element e ∈ C.
The following example shows that to an extension of algebras B ⊆ A of the type
described in Example 2.1, one can associate not only a left entwining structure over R,
but also a right entwining structure over B, provided that the extension is faithfully
flat.
Example 2.3. Let R be a k-algebra, D and B ⊆ A as in Example 2.1. For all d ∈ D,
write ̟(d) = canl
−1(d⊗
R
1A). Notice that ̟ is left R-linear by the left R-linearity of
A̺ and it is also right R-linear since A is an R-ring and canl is right A-linear. Suppose
that A is a faithfully flat right B-module. Let C be the associated Ehresmann B-
coring (cf. [16, 34.13]), i.e. C is a B-B subbimodule of A⊗
R
A,
C = {
∑
i
ai⊗
R
a˜i ∈ A⊗
R
A |
∑
i
ai̟(a˜i(−1))⊗
R
a˜i(0) =
∑
i
1A⊗
B
ai⊗
R
a˜i},
with the coproduct and the counit,
∆C(
∑
i
ai⊗
R
a˜i) =
∑
i
ai⊗
R
̟(a˜i(−1))⊗
R
a˜i(0), εC(
∑
i
ai⊗
R
a˜i) =
∑
i
aia˜i.
Then (A,C, ψ)B is a right entwining structure over B, where
ψ : C⊗
B
A→ A⊗
B
C,
∑
i
ai⊗
R
a˜i⊗
B
a 7→
∑
i
ai̟((a˜ia)(−1))⊗
R
(a˜ia)(0),
is the entwining map.
Check. Recall from [16, 34.13] that A⊗
R
A is a left entwined module for the left en-
twining structure R(A,D, ψcan), constructed in Example 2.1. Equivalently, it is a left
comodule for the Galois A-coring (D⊗
R
A)ψcan with coaction a⊗
R
a˜ 7→∑
ψcan(a⊗
R
a˜(−1))⊗
R
a˜(0). Note that C =
coD(A⊗
R
A).
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Since A is a faithfully flat right B-module, the functors
coD(−) : DAM(ψcan)→ BM and A⊗B− : BM→
D
AM(ψcan)
are inverse equivalences by the (left-comodule version of) the Galois coring structure
theorem [9, Theorem 5.6]. Hence the unit of the adjunction
θ
A⊗
R
A
: A⊗
R
A→ A⊗
B
C, a⊗
R
a˜ 7→
∑
a̟(a˜(−1))⊗
R
a˜(0),
is an isomorphism of A-B bimodules with the inverse
θ−1
A⊗
R
A
: A⊗
B
C → A⊗
R
A,
∑
i
a⊗
B
ai⊗
R
a˜i 7→
∑
i
aai⊗
R
a˜i.
Note that the map θ
A⊗
R
A
is a right B-module map by the definition of B as left D-
coinvariants in A. The bimodule A⊗
R
A has the canonical Sweedler A-coring structure.
Using this structure and the isomorphism θ
A⊗
R
A
, one can induce a unique A-coring
structure on A⊗
B
C, such that θ
A⊗
R
A
is an isomorphism of A-corings. As a result of
this one finds that the coproduct and counit in A⊗
B
C come out as
∆
A⊗
B
C
:= (θ
A⊗
R
A
⊗
B
θ
A⊗
R
A
) ◦∆
A⊗
R
A
◦ θ−1
A⊗
R
A
= A⊗
B
∆C
and
ε
A⊗
B
C
:= ε
A⊗
R
A
◦ θ−1
A⊗
R
A
= A⊗
B
εC .
Note that the fact that θ
A⊗
R
A
is a right B-module map implies that the compatibility
condition (2.3) between the original and induced B-actions on A⊗
B
C is satisfied. The
computed form of the coproduct and counit in A⊗
B
C thus implies that A⊗
B
C is a coring
associated to a right entwining structure over B. In particular, the entwining map ψ
is induced from the right A-multiplication in A⊗
B
C as in (2.2), i.e.
ψ(c⊗
B
a) = (1A⊗
B
c)a = θ
A⊗
R
A
(θ−1
A⊗
R
A
(1A⊗
B
c)a),
and has the asserted form. ✓
One can investigate further the entwining structure described in Example 2.3. The
following remark summarises basic properties of this structure.
Remark 2.4. The notation and hypotheses of Example 2.3 are assumed.
(1) If the canonical left entwining structure R(A,D, ψcan) in Example 2.1 is bijective,
then so is the induced right entwining structure (A,C, ψ)B, provided A is a faithfully
flat left B-module. In this case A is a right D-comodule (cf. equivalent conditions
(a)-(h)), and the inverse of ψ comes out explicitly as
ψ−1 : A⊗
B
C → C⊗
B
A,
∑
i
a⊗
B
ai⊗
R
a˜i 7→
∑
i
(aai)[0]⊗
R
̟((aai)[1])a˜
i,
where
∑
a[0]⊗
R
a[1] := ψ
−1
can(
A̺(1A)a) is the rightD-coaction on A induced by the inverse
of the entwining map ψcan.
(2) A is a right entwined module for (A,C, ψ)B with the coaction
̺A : A→ A⊗
B
C, a 7→
∑
̟(a(−1))⊗
R
a(0),
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i.e.
∑
̟(1A(−1))⊗
R
1A(0) is a grouplike element in the associated A-coring (A⊗
B
C)ψ.
The coinvariants with respect to this element come out as
T = {s ∈ A |
∑
s⊗
R
1A = 1A⊗
R
s}.
If A is a faithfully flat left or right R-module, then T = R. By the construction,
(A⊗
B
C)ψ ≃ A⊗
R
A as corings, hence in this case (A⊗
B
C)ψ is a Galois A-coring.
Therefore, if A is a faithfully flat left or right R-module, starting from a faith-
fully flat left “coring-Galois extension” B ⊆ A for an R-coring D, i.e. from a Galois
A-coring (D⊗
R
A)ψcan, we construct the associated Ehresmann B-coring C, and con-
clude that (A⊗
B
C)ψ is a Galois A-coring, i.e. there is a right “coring-Galois extension”
R ⊆ A for the B-coring C. This suggests an interesting generalisation of and, per-
haps, more symmetric approach to bi-Galois extensions (cf. [21, Definition 2.6], [32,
Definition 3.4]). It is shown in [32] that to any faithfully flat Hopf-Galois object one
can associate a bi-Galois extension. This construction is restricted to Hopf-Galois
objects as only in this case the associated Ehresmann coring is a Hopf algebra. To
obtain more general and more symmetric situation one needs to replace coalgebras
(or Hopf algebras) over the same ring by corings over different rings. Examples of this
situation, when A is a comodule algebra for two bialgebroids D and C, are described
in terms of R-B torsors in [23].
(3) In view of (1) and (2), if the canonical left entwining structure R(A,D, ψcan) in
Example 2.1 is bijective and A is a faithfully flat left B-module, then T ⊆ A is an
entwined extension in (A,C, ψ)B.
A rich source of examples of entwining structures over rings and entwined extensions
is provided by ×R-bialgebras or bialgebroids introduced in [34] and [30], and Hopf
algebroids introduced in [8]. We refer to [16, Section 31] and [28, Section 2] for a
review of left and right bialgebroids, respectively, and to [5] for more information on
Hopf algebroids.
Example 2.5. (1) Let (H,R, s, t, γ, π) be a right bialgebroid. This means that H is
the total algebra, R is the base algebra, s is the source and t is the target map, γ is
the coproduct and π is the counit. Let A be a right comodule algebra with coaction
̺A(a) =
∑
a[0]⊗
R
a[1]. Since the unit of H is a grouplike element, A is an entwined
module for the entwining structure over R consisting of the R-ring A, the R-coring
(H, γ, π) and the entwining map
(2.7) ψ : H⊗
R
A→ A⊗
R
H, h⊗
R
a 7→
∑
a[0]⊗
R
ha[1].
(2) Recall from [5] that a Hopf algebroid H consists of a left bialgebroid HL =
(H,L, sL, tL, γL, πL), right bialgebroid HR = (H,R, sR, tR, γR, πR) and a map S :
H → H , called an antipode, satisfying a number of compatibility conditions. Let A
be a right H-comodule algebra in the sense of [7, (arXiv version), Definition 2.8]. This
means that A is both a right HR-comodule algebra and a right HL-comodule algebra,
such that the HR-coaction a 7→
∑
a[0]⊗
R
a[1] is HL-colinear and the HL-coaction a 7→∑
a〈0〉⊗
L
a〈1〉 is HR-colinear.
Under the additional assumption that the antipode is bijective, the entwining map
(2.7) was shown in [6, Lemma 4.1] to be bijective with the inverse
ψ−1 : A⊗
R
H → H⊗
R
A, a⊗
R
h 7→
∑
hS−1(a〈1〉)⊗
R
a〈0〉.
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Hence in this case A is an entwined extension of its HR-coinvariants (which are, in
turn, the same as the HL-coinvariants, see [7, (arXiv version), Proposition 2.4]).
(3) An extension B ⊆ A of k-algebras is called a depth 2 (or D2, for short) extension
if A⊗
B
A is a direct summand in a finite direct sum of copies of A both as an A-B
bimodule and as a B-A bimodule. By [28, Lemma 3.7], this is equivalent to the
existence of right and left D2 quasi-bases. A right D2 quasi-basis consists of finite sets
{γj}j∈J in EndB,B(A) and {
∑
m∈Mj
cjm⊗
B
c′jm}j∈J in the commutant (A⊗
B
A)B of B in
the A-A bimodule A⊗
B
A, satisfying
∑
j∈J,m∈Mj
aγj(a
′)cjm⊗
B
c′jm = a⊗
B
a′,
for all a⊗
B
a′ ∈ A⊗
B
A. A left D2 quasi-basis is defined symmetrically. Examples of D2
extensions include Hopf-Galois extensions with finitely generated and projective Hopf
algebras, centrally projective extensions and H-separable extensions (cf. [28] for more
details).
It is shown in [28, Sections 4 and 5] that a depth 2 extension B ⊆ A determines
a dual pair of finitely generated projective bialgebroids, with total algebras (A⊗
B
A)B
(with multiplication inherited from Aop⊗
k
A) and EndB,B(A) (with multiplication given
by composition), respectively. The base algebra is in both cases R, the commutant of
B in A.
A is a right (A⊗
B
A)B-comodule algebra, and if A is a balanced right B-module (e.g.
if A is a right B-generator), then the coinvariants coincide with B. The corresponding
(right) entwining map, described in (1), is given in terms of a right D2 quasi-basis as
a map
(A⊗
B
A)B⊗
R
A→ A⊗
R
(A⊗
B
A)B,
∑
n
(xn⊗
B
x′n) ⊗
R
a 7→
∑
j∈J,m∈Mj,n
γj(a) ⊗
R
(cjmxn⊗
B
x′nc
′j
m).
As a consequence of the D2 property, this entwining map is bijective. The inverse has
a similar form in terms of the left D2 quasi-basis. In particular, a balanced depth 2
extension is an entwined extension.
Similarly, E : = EndB−(A) is a left EndB,B(A)-comodule algebra. The subalgebra of
coinvariants consists of the multiplications with the elements of A on the right. This
comodule algebra determines a bijective left entwining structure.
(4) In the case when a D2 extension B ⊆ A is also a Frobenius extension, the bial-
gebroids (A⊗
B
A)B and EndB,B(A) are Hopf algebroids with two-sided non-degenerate
integrals, and hence with bijective antipodes (cf. [8, 3]). In this case the inverse of
the entwining map has a simple form as in part (2).
2.5. Connections and relative cyclic homology. The concepts of a connection
and cyclic homology were introduced by A. Connes in [18]. The notion of a relative
cyclic homology was introduced by L. Kadison in [24, 25].
Given a T -ring B with product µB, one defines a differential graded algebra ΩB of
T -relative differential forms on B (cf. [19, Section 2]), by
ΩnB = Ω1B⊗
B
Ω1B⊗
B
· · ·⊗
B
Ω1B (n-times),
where Ω1B = ker µB ⊆ B⊗
T
B. The differential is the T -T bilinear map d : B → Ω1B,
b 7→ 1B⊗
T
b − b⊗
T
1B, and is uniquely extended as a graded differential to the whole
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of ΩB. Let M be a left B-module. A k-linear map ∇T : M → Ω
1B⊗
B
M ≃ Ω1BM
is called a T -connection, provided it satisfies the Leibniz rule, i.e. for all b ∈ B and
m ∈M ,
∇T (bm) = d(b)⊗
B
m+ b∇T (m).
Notice that a T -connection is necessarily left T -linear. There is a close relationship
between T -connections in M and the T -relative projectivity of M revealed by the
Cuntz-Quillen Theorem [19, Proposition 8.2]: a T -connection in M exists if and only
if there is a left B-linear section of the multiplication map B⊗
T
M →M .
For any T -ring B one defines an (n+1)-fold circular tensor product B b⊗T (n+1) as the
T -T bimodule B⊗T (n+1) factored by the submodule generated by b0⊗
T
b1⊗
T
. . .⊗
T
bnt −
tb0⊗
T
b1⊗
T
. . .⊗
T
bn (see [29, 1.2.11]). Note that B
b⊗T 1 = B/[B, T ]. On such a circular
tensor product it is possible to define the cyclic operators
τn : B
b⊗T (n+1) → B
b⊗T (n+1), b0⊗̂
T
b1⊗̂
T
. . . ⊗̂
T
bn 7→ (−1)
nbn⊗̂
T
b0⊗̂
T
. . . ⊗̂
T
bn−1.
The relative cyclic homology of a T -ring B is then defined as the total homology of
the following bicomplex
...
∂3

...
−∂′3

...
∂3

...
−∂′3

B b⊗T 3
∂2

B b⊗T 3
−∂′
2

τ˜2
oo B b⊗T 3
∂2

N2
oo B b⊗T 3
−∂′
2

τ˜2
oo . . .N2oo
B b⊗T 2
∂1

B b⊗T 2
−∂′
1

τ˜1
oo B b⊗T 2
∂1

N1
oo B b⊗T 2
−∂′
1

τ˜1
oo . . .N1oo
B/[B, T ] B/[B, T ]
τ˜0
oo B/[B, T ]
N0
oo B/[B, T ]
τ˜0
oo . . .N0oo
where τ˜n = B
b⊗T (n+1) − τn, Nn =
∑n
i=0(τn)
i, and
∂′n(b0⊗̂
T
b1⊗̂
T
. . . ⊗̂
T
bn) =
n−1∑
i=0
(−1)ib0⊗̂
T
b1⊗̂
T
. . . ⊗̂
T
bibi+1⊗̂
T
. . . ⊗̂
T
bn,
∂n = ∂
′
n + (−1)
nbnb0⊗̂
T
b1⊗̂
T
. . . ⊗̂
T
bn−1.
The relative cyclic homology of B is denoted by HC∗(B|T ).
The (canonical) surjections λn : B
⊗k(n+1) → B b⊗T (n+1) induce the epimorphism
λ∗ : HC∗(B) → HC∗(B|T ), where HC∗(B) is the usual cyclic homology of the k-
algebra B. If T is a separable k-algebra, then λ∗ is an isomorphism [25].
3. Strong connections over non-commutative rings
Throughout the paper we are dealing with left or right modules with a compatible
additional structure (e.g., left modules which are also right comodules, bimodules,
etc.), and we are interested in properties which are respected by this additional struc-
ture. Thus we are led to the following
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Definition 3.1. An object M ∈ BM
C is called a T -relative right C-equivariantly
projective left B-module or a (C, T )-projective left B-module for a k-algebra T provided
that B is a right T -module and M is a T -R bimodule such that the C-coaction is left
T -linear, the left B-action is T -balanced (i.e. factors through B⊗
T
M), and there exists
a left B-module, right C-comodule section of the B-multiplication map B⊗
T
M →M .
A T -relative left C-equivariantly projective right B-module is defined in an analogous
way.
A B-B′ bimodule M is called a T -relative right B′-equivariantly projective left B-
module or a (B′, T )-projective left B-module for a k-algebra T provided that B is a
right T -module and M is a T -B′ bimodule such that the left B-action is T -balanced
and there exists a B-B′ bilinear section of the B-multiplication map B⊗
T
M →M .
A T -relative left B-equivariantly projective right B′-module is defined in a similar
way.
Note that in Definition 3.1 it is not assumed that B is a T -ring (but, when B is
a T -ring, then a left B-action on M factors through B⊗
T
M). On the other hand, if
there exists a (C, T )-projective and faithful left B-module (e.g. a B-ring which is a
(C, T )-projective left B-module), then B is a T -ring: the map T → B, t 7→ 1Bt is an
algebra homomorphism and the right action of T on B coincides with that induced
by the above map, i.e. bt = b(1Bt).
It is checked in the standard way that if B is a T -ring, then the (C, T )-projectivity
of an object M in BM
C is equivalent to the property that for any epimorphism
p ∈ Hom−CB−(X, Y ), which splits in TM
C , and any morphism f ∈ Hom−CB−(M,Y )
there exists a morphism g ∈ Hom−CB−(M,X) such that p ◦ g = f . Analogously, the
(B′, T )-projectivity of a B-B′ bimodule M is equivalent to the property that for any
epimorphism p ∈ HomB,B′(X, Y ), which splits as a T -B
′ bimodule map, and every
B-B′ bimodule map f : M → Y there exists a B-B′ bimodule map g : M → X such
that p ◦ g = f .
Any object M ∈ BM
C is a B-∗C bimodule, where ∗C is the left dual ring. If M
is a (C, T )-projective left B-module, then M is a (∗C, T )-projective left B-module.
Furthermore, since forgetful functors BM
C → BMR and BMR → BM preserve retrac-
tions, a (C, T )-projective left B-module is (R, T )-projective, and an (R, T )-projective
left B-module is T -relative projective. Clearly, a T -relative projective left B-module
that is projective as a left T -module is a projective left B-module.
Since separable functors reflect retractions, part (1) of the following Proposition 3.2
(which is a straightforward generalisation of [17, 3.2 Theorem 27]) shows that in the
case of a separable k-algebra R, any B-R bimodule, which is a T -relative projective
left B-module such that the right R-action is left T -linear, is also (R, T )-projective.
Similarly, part (2) of Proposition 3.2 (which is a straightforward generalisation of [9,
Theorem 3.5],[16, 26.1]) shows that in the case of a coseparable coring C, any object
M ∈ BM
C , which is an (R, T )-projective left B-module such that the right C-coaction
is left T -linear, is also (C, T )-projective.
Proposition 3.2. (1) The forgetful functor BMR → BM is separable for any k-
algebra B if and only if R is a separable k-algebra.
(2) The forgetful functor BM
C → BMR is separable for any k-algebra B if and only
if C is a coseparable coring.
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Proof. (1) Suppose that the forgetful functor BM
C → BMR is separable for all
k-algebras B. In particular it is a separable functor for B = k, and then R is a
separable k- algebra (cf. [17, 3.2 Theorem 27]).
Conversely, suppose that R is a separable k-algebra and construct a functorial
retraction Φ of the functorial morphism HomB,R(−,−)→ HomB−(B(−), B(−)), u 7→ u
as follows. For any B-R bimodules M , N and a left B-module map f : M → N ,
Φ(f) = ̺N ◦ (f⊗
k
R) ◦ (̺M⊗
k
R) ◦ (M⊗
k
ζ),
where ζ : k → R⊗
k
R is a k-linear map satisfying conditions (2.1).
(2) If the forgetful functor is separable for all k-algebras B, then it is separable for
B = k and hence C is a coseparable coring by [9, Theorem 3.5] or [16, 26.1].
The proof of the converse is completely analogous to the proof in [9, Theorem
3.5] or [16, 3.29]. Explicitly, a functorial retraction Φ of the functorial morphism
Hom−CB−(−,−) → HomB,R(B(−)R, B(−)R), u 7→ u is given by the map, associating to
a B-R bimodule map f : M → N the B-linear C-colinear map
Φ(f) = (N⊗
R
δ) ◦ (̺N⊗
R
C) ◦ (f⊗
R
C) ◦ ̺M ,
where M and N are objects in BM
C and δ is a cointegral for C. ⊔⊓
Finally, let us note that if B is a separable T -ring, then any object in BM
C is a
(C, T )-projective left B-module. Indeed, a left B-linear, right C-colinear splitting of
the left B-multiplication B⊗
T
M → M can be constructed in terms of a separability
idempotent
∑
l∈L el⊗T fl ∈ B
⊗
T
B as m 7→
∑
l∈L el⊗T flm.
Following the same line of argument as in [19], one easily establishes a relationship
between (C, T )-projectivity and the existence of T -connections. For any M ∈ BM
C ,
Ω1B⊗
B
M is a right C-comodule with the natural coaction ̺Ω
1B⊗BM = Ω1B⊗
B
̺M :
Ω1B⊗
B
M → Ω1B⊗
B
M⊗
R
C.
Theorem 3.3 (Cuntz-Quillen). Let B be a T -ring and C an R-coring. An object
M ∈ BM
C is a (C, T )-projective left B-module if and only if there exists a right
C-colinear T -connection ∇T : M → Ω
1B⊗
B
M .
Proof. Note that Ω1BM can be identified with the kernel of the B-product M̺ :
B⊗
T
M →M , by the commutativity of the following diagram:
0

0 // Ω1BM
ι1
//

B⊗
T
M
pi
oo
0 // kerM̺
ι2
// B⊗
T
M
pi
oo
where ι1, ι2 are obvious inclusions both split by π : b⊗
T
m 7→ b⊗
T
m− 1⊗
T
bm.
Suppose that M is a (C, T )-projective left B-module, and let σT : M → B⊗
T
M be
a left B-linear, right C-colinear section of the B-multiplication map M̺. Then
∇T : M → Ω
1B⊗
B
M, m 7→ 1B⊗
T
m− σT (m)
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is a right C-colinear T -connection. Conversely, given a T -connection ∇T , define
σT : M → B⊗
T
M, m 7→ 1B⊗
T
m−∇T (m).
Using the Leibniz rule for ∇T one easily checks that σT is left B-linear. It obviously
splits the product (as ∇T (M) ⊆ kerM̺) and is right C-colinear as a difference of right
C-comodule maps. ⊔⊓
Using arguments similar to these in the proof of Theorem 3.3 one easily proves that
a B-B′ bimodule M , where B is a T -ring, is a (B′, T )-projective left B-module if and
only if there exists a right B′-linear connection ∇T :M → Ω
1B⊗
B
M .
The following definition introduces the main object studied in the present paper.
Definition 3.4. Let (A,C, ψ)R be a bijective right entwining structure over R and
B ⊆ A an entwined extension. Let T be a k-subalgebra of B. View A⊗
T
A as a right
C-comodule via A⊗
T
̺A and as a left C-comodule via A̺⊗
T
A, where ̺A is the right and
A̺ is the left C-coaction on A, related by (2.5). A left and right C-comodule map
ℓT : C → A⊗
T
A is called a strong T -connection in (A,C, ψ)R iff, for all c ∈ C,
c˜anT (ℓT (c)) = 1A⊗
R
c,
where c˜anT : A⊗
T
A→ A⊗
R
C, a⊗
T
a′ 7→ a̺A(a′).
Lemma 3.5. Let (A,C, ψ)R be a bijective right entwining structure over R and B ⊆ A
an entwined extension. Let T ′ ⊆ T ⊆ B be k-subalgebras. If A is a (C, T ′)-projective
left or right T -module and there exists a strong T -connection in (A,C, ψ)R, then there
exists a strong T ′-connection in (A,C, ψ)R.
Proof. Suppose that A is a (C, T ′)-projective left T -module, and let ξ be a left
T -module right C-comodule splitting of the multiplication map T⊗
T ′
A→ A. Define a
right C-comodule map
(3.1) ℓT ′ = (A⊗
T
ξ) ◦ ℓT : C → A⊗
T ′
A,
where the canonical isomorphism A⊗
T
T → A is implicitly used (here and also in the
computations below). Since A̺ is a right T -module map, the canonical isomorphism
A⊗
T
T → A is a left C-comodule map. Thus ℓT ′ is a left C-comodule map. Using the
right C-colinearity of ξ (in the second equality) and the fact that ξ is a section of the
product T⊗
T ′
A→ A (in the third), we can compute
c˜anT ′ ◦ ℓT ′ = (µA⊗
R
C) ◦ (A⊗
T ′
̺A) ◦ (A⊗
T
ξ) ◦ ℓT
= (µA⊗
R
C) ◦ (A⊗
T
ξ⊗
R
C) ◦ (A⊗
T
̺A) ◦ ℓT
= (µA⊗
R
C) ◦ (A⊗
T
̺A) ◦ ℓT = c˜anT ◦ ℓT ,
(note that µA denotes the product of A both as a T - and as a T
′-ring). Thus we
conclude that, for all c ∈ C, c˜anT ′(ℓT ′(c)) = 1A⊗
R
c, i.e. ℓT ′ is a strong T
′-connection in
(A,C, ψ)R. The (C, T
′)-projective right T -module case is proven in a similar way. ⊔⊓
Remark 3.6. In [10, Theorem 4.4] it has been shown for a general class of comodules
of corings that the canonical map is an isomorphism (of corings) provided that it is
a split epimorphism of comodules. Originally, [10, Theorem 4.4] was formulated for
base algebras over fields. The proof was extended to base algebras over commutative
THE RELATIVE CHERN-GALOIS CHARACTER 15
rings k in [15, Theorem 2.1]. Notice, however, that in the proof of [15, Theorem 2.1]
the commutativity of k does not play any role. Hence, by repeating the arguments
there, one can prove the following (cf. [35, 5.9]).
Let D be an A-coring with a grouplike element e. Denote the corresponding coin-
variants of A by B. Let T be a k-subalgebra of B. Suppose that the obvious in-
clusion B⊗
T
A → HomD−(A,A⊗
T
A) ≃ {
∑
i ai⊗T a˜i ∈ A
⊗
T
A |
∑
i eai⊗T a˜i =
∑
i aie⊗T a˜i},
b⊗
T
a 7→ b⊗
T
a, is an isomorphism. Then D is a Galois A-coring if
c˜anT : A⊗
T
A→ D, a⊗
T
a′ 7→ a̺A(a′) = aea′,
is a split epimorphism of left D-comodules.
In light of the bijective correspondence between T -connections and (C, T )-projective
modules described in Theorem 3.3 the following theorem, which is the main result of
this section, justifies the use of the term “T -connection” in Definition 3.4.
Note that, for an entwined extension B ⊆ A in a bijective right entwining structure
(A,C, ψ)R and a subalgebra T of B, A⊗
T
A is a right entwined module for (A,C, ψ)R
with the coaction A⊗
T
̺A and a left entwined module for R(A,C, ψ
−1) with the coaction
A̺⊗
T
A, where A̺ is related to ̺A as in (2.5), and with obvious A-multiplications.
Theorem 3.7. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be an entwined extension. Let T be a k-subalgebra of B. Consider the following
statements.
(a) There exists a strong T -connection in (A,C, ψ)R.
(b) (A⊗
R
C)ψ is a Galois A-coring and A is a (C, T )-projective left B-module.
(c) (C⊗
R
A)ψ−1 is a Galois A-coring and A is a (C, T )-projective right B-module.
Then
(1) The statement (b) implies (a).
(2) The statement (c) implies (a).
(3) If the obvious inclusion
B⊗
T
A→ coC(A⊗
T
A), b⊗
T
a 7→ b⊗
T
a,
is an isomorphism, then (a) implies (b).
(4) If the obvious inclusion
A⊗
T
B → (A⊗
T
A)coC , a⊗
T
b 7→ a⊗
T
b,
is an isomorphism, then (a) implies (c).
Proof. (1) We show that if (A⊗
R
C)ψ is a Galois A-coring, then there exists a strong
B-connection in the bijective right entwining structure (A,C, ψ)R. Then the claim
follows by Lemma 3.5.
If (A⊗
R
C)ψ is a Galois A-coring, then there exists an A-coring inverse can
−1
A of the
canonical map canA : A⊗
B
A→ A⊗
R
C, a⊗
B
a′ 7→ a̺A(a′). Let
̟ : C → A⊗
B
A, c 7→ can−1A (1A⊗R c),
be the translation map and write ̟(c) =
∑
c[1]⊗
B
c[2]. Since can−1A is a coring map, it is,
in particular, a morphism of right (A⊗
R
C)ψ-comodules, hence of right C-comodules.
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Therefore, also ̟ is a morphism of right C-comodules. Furthermore, can−1A is a
morphism of left A-modules. Since A is an R-ring, this implies that ̟ is a left R-
module map. To exploit further the A-coring map property of can−1A , start from the
equality ∑
can−1A (1A⊗R c(1))
⊗
A
can−1A (1A⊗R c(2)) =
∑
c[1]⊗
B
1A⊗
A
1A⊗
B
c[2],
and apply (ψ−1⊗
A
A⊗
B
A) ◦ (canA⊗
A
A⊗
B
A) to arrive at the left C-colinearity of ̟ (note
that the left C-coaction A̺ is right B-linear). Thus ̟ is a strong B-connection, hence
Lemma 3.5 implies that there is a strong T -connection in (A,C, ψ)R.
(3) Let ℓT : C → A⊗
T
A be a strong T -connection. For all c ∈ C, write ℓT (c) =∑
c(1)⊗
T
c(2) and define
σT : A→ A⊗
T
A, a 7→
∑
a[0]ℓT (a[1]) =
∑
a[0]a[1]
(1)⊗
T
a[1]
(2).
For all a ∈ A,
(A̺⊗
T
A) ◦ σT (a) =
∑
A̺(a[0]a[1]
(1))⊗
T
a[1]
(2)
=
∑
ψ−1(a[0]⊗
R
a[1]
(1)
(−1))a[1]
(1)
(0)⊗
T
a[1]
(2)
=
∑
ψ−1(a[0]⊗
R
a[1](1))a[1](2)
(1)⊗
T
a[1](2)
(2)
=
∑
ψ−1(a[0][0]⊗
R
a[0][1])a[1]
(1)⊗
T
a[1]
(2)
=
∑
ψ−1(̺A(1A))a[0]a[1]
(1)⊗
T
a[1]
(2) = A̺(1A)σT (a),
where the second equality follows by the fact that A is a left entwined module and
the third one follows by the left colinearity of ℓT . The penultimate equality is a
consequence of the right A-linearity of the right coaction ψ−1 ◦ ̺A of the A-coring
(C⊗
R
A)ψ−1 on A. Thus, for all a ∈ A, σT (a) is a coinvariant of the left (A⊗
R
C)ψ-
comodule A⊗
T
A, hence,
σT : A→ B⊗
T
A.
Since ℓT is a right C-colinear map, so is σT . Furthermore, σT is a left B-linear map,
as, by the definition of B, ̺A is a left B-linear map. The splitting property of ℓT ,
c˜anT (ℓT (c)) = 1A⊗
R
c, implies that, for all c ∈ C,
∑
c(1)c(2) = 1AεC(c), hence
µA(σT (a)) =
∑
a[0]a[1]
(1)a[1]
(2) =
∑
a[0]εC(a[1]) = a.
Thus we conclude that σT is a left B-linear right C-colinear section of the multiplica-
tion map B⊗
T
A→ A.
It remains to show that the right canonical map canA is an isomorphism of k-
modules. To this end we study first the properties of the lifted canonical map
c˜anT . Since A is a left entwined module for the left entwining structure R(A,C, ψ
−1)
with the coaction (2.5), A⊗
T
A is a left (A⊗
R
C)ψ-comodule with the coaction a⊗
T
a′ 7→∑
a1A[0]⊗
R
1A[1]⊗
T
a′. On the other hand, A⊗
R
C is a left (A⊗
R
C)ψ-comodule via the regu-
lar coaction (the coproduct), a⊗
R
c 7→
∑
a⊗
R
c(1)⊗
A
1A⊗
R
c(2). Define a left A-module map
(hence also a left R-module map, as A is an R-ring)
κ : A⊗
R
C → A⊗
T
A, a⊗
R
c 7→ aℓT (c).
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Since the lifted canonical map c˜anT is left A-linear and, for all c ∈ C, c˜anT (ℓT (c)) =
1A⊗
R
c, one immediately finds that κ is a section of c˜anT . We claim that κ is a left
(A⊗
R
C)ψ-comodule map. In view of the definitions of κ, the (A⊗
R
C)ψ-coactions and
the right action of A on (A⊗
R
C)ψ, this is equivalent to that statement that for all
a ∈ A, c ∈ C, ∑
aψ(c(1)⊗
R
c(2)
(1))⊗
T
c(2)
(2) =
∑
ac(1)1A[0]⊗
R
1A[1]⊗
T
c(2).
Using the left C-colinearity of ℓT and the form (2.5) of the left C-coaction
A̺ we can
compute ∑
aψ(c(1)⊗
R
c(2)
(1))⊗
T
c(2)
(2) =
∑
aψ(c(1)(−1)⊗
R
c(1)(0))⊗
T
c(2)
=
∑
aψ(ψ−1(c(1)1A[0]⊗
R
1A[1]))⊗
T
c(2)
=
∑
ac(1)1A[0]⊗
R
1A[1]⊗
T
c(2),
as required. Thus κ is a left (A⊗
R
C)ψ-comodule section of c˜anT . Finally note that
Hom
(A⊗
R
C)ψ−(A,A⊗
T
A) ≃ Hom
(C⊗
R
A)
ψ−1
−
(A,A⊗
T
A) ≃ coC(A⊗
T
A) = B⊗
T
A,
where the last equality follows by assumption (3). Hence, the T -module version of
[10, Theorem 4.4] adapted to this situation in Remark 3.6 implies that (A⊗
R
C)ψ is a
Galois coring.
Assertions (2) and (4) follow by the left-right symmetry. ⊔⊓
The assumptions of part (3) (resp. (4)) in Theorem 3.7 are automatically satisfied,
provided A is a flat left (resp. right) T -module. Hence Theorem 3.7 leads to the
following
Corollary 3.8. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be an entwined extension. Let T be a k-subalgebra of B. If A is a flat left
(resp. right) T -module, then the following statements are equivalent.
(1) There exists a strong T -connection in (A,C, ψ)R.
(2) (A⊗
R
C)ψ is a Galois A-coring and A is a (C, T )-projective left (resp. right) B-
module.
Repeating the arguments in [10, Theorem 4.3] one proves also
Corollary 3.9. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be an entwined extension. Let T be a k-subalgebra of B. Suppose that
(a) There exists a strong T -connection in (A,C, ψ)R;
(b) A is a flat left (resp. right) B-module;
(c) A is a faithfully flat left (resp. right) T -module.
Then A is a faithfully flat left (resp. right) B-module.
Note that if A is a projective left (resp. right) T -module, then, in view of The-
orem 3.7 (3) (resp. (4)), the assumption (a) in Corollary 3.9 implies that A is a
projective (hence in particular flat) left (resp. right) B-module.
We conclude this section by constructing strong connections in some examples.
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Example 3.10. Consider an entwining structure (A,C, ψ)B constructed in Exam-
ple 2.3. Assume that A is faithfully flat as a left B-module and that the canonical left
entwining map ψcan is bijective, hence (A,C, ψ)B is a bijective entwining structure by
Remark 2.4 (1). The canonical inclusion map
ℓR : C → A⊗
R
A,
∑
i
ai⊗
R
a˜i 7→
∑
i
ai⊗
R
a˜i
is a strong R-connection. In particular, by Corollary 3.8, if A is a flat left or right
R-module, then (A⊗
B
C)ψ is a Galois coring.
Let T be a k-subalgebra of R. If A is a (C, T )-projective left R-module, then, by
Lemma 3.5, a strong T-connection in (A,C, ψ)R can be constructed in terms of a left
R-linear, right C-colinear section σT : A→ R⊗
T
A of the R-multiplication map,
ℓT : C → A⊗
T
A,
∑
i
ai⊗
R
a˜i 7→
∑
i
ai(ηA⊗
T
A)
(
σT (a˜
i)
)
.
In particular, if R is a separable k-algebra and σk : A → R⊗
k
A is determined by a
separability idempotent
∑
l∈L el⊗k fl, then the strong k-connection comes out as
ℓ(
∑
i
ai⊗
R
a˜i) =
∑
i,l
aiηA(el)⊗
k
ηA(fl) a˜
i.
Example 3.11. Let H be a Hopf algebroid as in Example 2.5 (2). Let A be a right
H-comodule algebra (cf. Example 2.5 (2)), and let B be the HR-coinvariants of A.
The extension B ⊆ A is called a cleft H-extension if
(a) In addition to being an R-ring (with unit morphism ηR), A is also an L-ring
(with unit morphism ηL) such that B is an L-subring of A.
(b) There exists a left L-linear right HR-colinear map j : H → A that is convolution
invertible in the sense that there exists a left R-linear right L-linear map j˜ : H →
A such that
µA ◦ (j⊗
R
j˜) ◦ γR = ηL ◦ πL, µA ◦ (j˜⊗
L
j) ◦ γL = ηR ◦ πR.
It turns out that theH-cleft property of an extension B ⊆ A is sufficient and necessary
for the coring (A⊗
R
H)ψ, corresponding to the entwining structure in Example 2.5 (1),
to be a Galois A-coring and A to be isomorphic to B⊗
L
H both as left B-modules and
as right HR-comodules (normal basis property).
Let B ⊆ A be a cleft extension for a Hopf algebroid H = (HL,HR, S). Suppose that
the antipode S is bijective, hence there exists a bijective right entwining structure
(A,HR, ψ)R over R as in Example 2.5 (1-2). Since (A⊗
R
H)ψ is a Galois A-coring,
Theorem 3.7 (1) implies that a sufficient condition for the existence of a strong T -
connection in (A,HR, ψ)R for a k-subalgebra T of B is the (HR, T )-projectivity of
the left B-module A. For an H-cleft extension B ⊆ A, there is an isomorphism of
k-modules
Hom−HRB− (A,B⊗T A) ≃ HomL,L(H,B
⊗
T
B),
hence sections of the B-multiplication map B⊗
T
A → A in BM
HR are in bijective
correspondence with L-L bimodule maps fT : H → B⊗
T
B, such that µB ◦fT = ηL◦πL.
In terms of fT , a strong T -connection, given by formula (3.1), is
(3.2) ℓT := (µA⊗
T
µA) ◦ (j˜⊗
L
fT⊗
L
j) ◦ (γL⊗
L
H) ◦ γL.
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In particular, an L-L bimodule map fL : H → B⊗
L
B, satisfying µB ◦ fL = ηL ◦ πL
is given by
h 7→ ηL
(
πL(h)
)
⊗
L
1B ≡ 1B⊗
L
ηL
(
πL(h)
)
.
The resulting strong L-connection is ℓL = (j˜⊗
L
j) ◦ γL.
If L is a separable k-algebra, then any separability idempotent
∑
l el⊗k fl determines
a strong k-connection via f(h) :=
∑
l ηL(πL(h)el)⊗k ηL(fl) for h ∈ H .
Example 3.12. Let B ⊆ A be a depth 2 balanced extension of k-algebras. The
A-coring A⊗
R
(A⊗
B
A)B and the E-coring EndB,B(A)⊗
R
E , corresponding to the bijective
entwining structures in Example 2.5 (3), were shown to be Galois corings in [26], [27].
Let T be a subalgebra of B such that A is a T -relative projective left B-module.
Then it follows by Proposition 3.2 and Theorem 3.7 (1) that if R is a separable k-
algebra and (A⊗
B
A)B and EndB,B(A) are coseparable R-corings, respectively, then
there exist strong k-connections in the bijective entwining structures in Example 2.5
(3). As it turns out, (A⊗
B
A)B is a coseparable R-coring if the D2 extension B ⊆ A is
split and EndB,B(A) is coseparable if the extension B ⊆ A is separable.
Motivated by forthcoming Example 5.7, we focus on the case when the depth 2
balanced extension B ⊆ A is also a Frobenius extension. In this case (A⊗
B
A)B is
coseparable if and only if the D2 Frobenius extension B ⊆ A is split, and EndB,B(A)
is coseparable if and only if the D2 Frobenius extension B ⊆ A is separable. Since
in the latter case Aop ⊆ E (where the inclusion is given by the left multiplication)
is a D2 Frobenius split extension and the bialgebroids (E ⊗
Aop
E)A
op
and EndB,B(A) are
anti-isomorphic, we consider the split case only. Fix
(a) a Frobenius system {ω,
∑
k∈K uk⊗B vk} for the extension B ⊆ A;
(b) a right D2 quasi-basis {γj,
∑
m∈Mj
cjm⊗
B
c′jm}j∈J for the extension B ⊆ A ;
(c) a B-B bilinear splitting ϕ of the extension B ⊆ A;
(d) a separability idempotent {
∑
l∈L el⊗k fl} for the k-algebra R.
A strong k-connection is explicitly constructed as the map
(A⊗
B
A)B → A⊗
k
A, a⊗
B
a′ 7→
∑
l∈L,k∈K,j∈J,m∈Mj
aω
(
γj(a
′)eluk
)
⊗
k
ϕ
(
vkflc
j
m
)
c′jm.
4. The relative injectivity and grouplike elements
In this section we derive conditions for an entwined extension to be a relative
injective C-comodule. We begin with the following simple generalisation of [33, Re-
mark 4.2].
Proposition 4.1. Let (A,C, ψ)R be a bijective right entwining structure over R and
let B ⊆ A be an entwined extension such that (A⊗
R
C)ψ is a Galois A-coring. If the
extension B ⊆ A splits as a right (resp. left) B-module, then A is a relative injective
right (resp. left) C-comodule.
Proof. Since the right C-coaction on A is left B-linear, the assumption that B is a
direct summand of A as a right B-module implies that A ≃ B⊗
B
A is a direct summand
of A⊗
B
A as a right C-comodule. By the Galois property, A⊗
B
A is isomorphic to A⊗
R
C,
in particular as a right C-comodule, hence A is a direct summand of the relative
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injective right C-comodule A⊗
R
C. Therefore, it is a relative injective C-comodule.
The left-sided claim is proven analogously using the left-right symmetry of bijective
entwining structures. ⊔⊓
The assumptions of Proposition 4.1 take a particularly natural form in the case of
entwined extensions given by a grouplike element e ∈ C. In particular, one can derive
the following generalisation of Doi’s theorem on total integrals [20, (1.6) Theorem].
Proposition 4.2. Let (A,C, ψ)R be a bijective right entwining structure over R and
let e ∈ C be a grouplike element. The right C-comodule A with the coaction given
by the first of equations (2.6) is R-relative injective if and only if there exists a right
C-comodule map j : C → A, such that j(e) = 1A. The left C-comodule with the
coaction given by the second of equations (2.6) is R-relative injective if and only if
there exists a left C-comodule map j˜ : C → A, such that j˜(e) = 1A.
Proof. The R-relative injectivity of the right C-comodule A is equivalent to the
existence of a right C-colinear retraction h of the coaction ̺A in (2.6), see [16, 18.18].
We show that the k-module of comodule maps j, such that j(e) = 1A, is a (non-zero)
direct summand in the k-module of C-colinear retractions h of ̺A.
To any right C-colinear retraction h of ̺A associate the map
(4.1) j : C → A, c 7→ h(1A⊗
R
c).
The map j is right C-colinear by the colinearity of h. Since ̺A(1A) = 1A⊗
R
e, j is also
normalised, as
j(e) = h(1A⊗
R
e) = h(̺A(1A)) = 1A.
Conversely, given an e-normalised right C-comodule map j, define the map
(4.2) h = µA ◦ (j⊗
R
A) ◦ ψ−1 : A⊗
R
C → A.
The map h is right C-colinear since
̺A ◦ h = ̺A ◦ µA ◦ (j⊗
R
A) ◦ ψ−1
= (µA⊗
R
C) ◦ (A⊗
R
ψ) ◦ (̺A⊗
R
A) ◦ (j⊗
R
A) ◦ ψ−1
= (µA⊗
R
C) ◦ (A⊗
R
ψ) ◦ (j⊗
R
C⊗
R
A) ◦ (∆C⊗
R
A) ◦ ψ−1
= [µA ◦ (j⊗
R
A) ◦ ψ−1⊗
R
C] ◦ (A⊗
R
∆C) = (h⊗
R
C) ◦ (A⊗
R
∆C),
where the second equality follows by the fact that A is a right entwined module, the
third one by the right C-colinearity of j, and the penultimate one by the definition of
entwining structures. Since j(e) = 1A, the map (4.2) is a retraction of ̺
A.
Starting with a normalised C-comodule map j : C → A, and associating first the
map (4.2) to it and then the map (4.1) to the result, we obtain the comodule map
c 7→ µA[(j⊗
R
A)
(
ψ−1(1A⊗
R
c)
)
] = µA(j(c)⊗
R
1A) = j(c),
where the first equality follows from the definition of entwining structures.
Similar arguments apply to left C-comodule A with the coaction A̺ in (2.6). ⊔⊓
As an immediate application of the above results, one concludes that in the case of
a D2 extension B ⊆ A in Example 2.5 (3), E = EndB−(A) is an R-relative injective
left comodule of EndB,B(A). Indeed, recall from Example 3.12 that the E-coring
EndB,B(A)⊗
R
E , corresponding to the bijective entwining structure in Example 2.5 (3),
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is a Galois coring. What is more, the extension Aop ⊆ E is split in the category of left
Aop-modules by the map α 7→ α(1A), hence the relative injectivity of the comodule in
question follows by Proposition 4.1. (The obvious inclusion EndB,B(A) ⊆ EndB−(A)
is a required left colinear map j˜ as in Proposition 4.2.) Furthermore, if a D2 extension
B ⊆ A is split (by a map ϕ : A → B, say) in the category of right B-modules, then
also A is a relative injective right (A⊗
B
A)B-comodule (as j = ϕ⊗
B
A : (A⊗
B
A)B → A is
a normalised right comodule map).
The derivation of sufficient conditions for assumptions of Proposition 4.1 is the
subject of the remainder of the present section. All these conditions turn out to be
closely related to the existence of strong connections.
Lemma 4.3. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be an entwined extension given by a grouplike element e ∈ C. Let T be a
k-subalgebra of B. Suppose that A is a flat left (resp. right) T -module and B is a flat
right (resp. left) T -module. Then
(1) If there exists a left B-linear, right C-colinear section σT of the multiplication
map B⊗
T
A→ A (resp. a right B-linear, left C-colinear section σ˜T of the multi-
plication map A⊗
T
B → A), then σT (1A) ∈ B⊗
T
B (resp. σ˜T (1A) ∈ B⊗
T
B).
(2) If there exists a strong T -connection ℓT in (A,C, ψ)R, then ℓT (e) ∈ B⊗
T
B.
Proof. (1) Let σT be a left B-linear, right C-colinear section of the multiplication
map B⊗
T
A→ A. By the right C-colinearity of σT and ̺
A(1A) = 1A⊗
R
e,
(B⊗
T
̺A)
(
σT (1A)
)
= (σT⊗
R
C)
(
̺A(1A)
)
= σT (1A)⊗
R
e,
that is, σT (1A) ∈ (B⊗
T
A)coC. Since B is a flat right T -module, (B⊗
T
A)coC = B⊗
T
B,
hence σT (1A) ∈ B⊗
T
B, as required. The claim about σ˜T follows by the left-right
symmetry of bijective entwining structures.
(2) Recall from the proof of Theorem 3.7 (3) that, for any strong T -connection
ℓT , there exists a section σT ∈ Hom
−C
B−(A,B⊗T A) of the multiplication map such
that ℓT is related to the translation map ̟ as ℓT = (A⊗
B
σT ) ◦ ̟. Since ̺
A(1A) =
1A⊗
R
e, the canonical map canA is normalised so that canA(1A⊗
B
1A) = 1A⊗
R
e. Then
the translation map is also normalised, ̟(e) = can−1A (1⊗R e) = 1A
⊗
B
1A. Therefore,
ℓT (e) = (A⊗
B
σT )
(
̟(e)
)
= σT (1A), which is an element of B⊗
T
B by (1). ⊔⊓
Proposition 4.4. Let (A,C, ψ)R be a bijective right entwining structure over R and
let B ⊆ A be an entwined extension given by a grouplike element e ∈ C. Let T be a
k-subalgebra of B. Suppose that
(a) There exists a strong T -connection in (A,C, ψ)R;
(b) A is a flat left (resp. right) T -module;
(c) B is a flat right (resp. left) T -module;
(d) B is a direct summand of A as a left (resp. right) T -module.
Then B is a direct summand of A as a left (resp. right) B-module.
Proof. Consider the assumptions without parenthesis. By Theorem 3.7 (3), there
exists a left B-linear section σT of the multiplication map B⊗
T
A → A. In terms of
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σT and a left T -module splitting f of the canonical monomorphism B → A, a left
B-linear splitting can be constructed as
φ : = µB ◦ (B⊗
T
f) ◦ σT .
Since φ is a composite of left B-linear maps, it is left B-linear, and it satisfies
φ(1A) = µB[(B⊗
T
f)
(
σT (1A)
)
] = µA
(
σT (1A)
)
= 1A,
where the second equality follows by Lemma 4.3 (1).
Similarly, if the assumptions in parenthesis hold, a right B-linear splitting of the
canonical monomorphism B → A is given by φ˜ = µB ◦ (f⊗
T
B)◦ σ˜T , where σ˜T is a right
B-linear section of the multiplication map A⊗
T
B → A, the existence of which follows
by Theorem 3.7 (4), and f is a right T -module section of the canonical inclusion. ⊔⊓
In case A is a projective left (resp. right) T -module, the (C, T )-projectivity of A as
a left (resp. right) B-module implies its projectivity. This leads to the following
Corollary 4.5. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be an entwined extension given by a grouplike element e ∈ C. Let T be a
k-subalgebra of B. Suppose that
(a) there exists a strong T -connection in (A,C, ψ)R;
(b) A is a projective left (resp. right) T -module;
(c) B is a flat right (resp. left) T -module;
(d) B is a direct summand of A as a left (resp. right) T -module.
Then A is faithfully flat as a left (resp. right) B-module.
Proof. By Corollary 3.8 A is a T -relative projective left (resp. right) B-module,
hence it is projective as left (resp. right) B-module by assumption (b). By Proposi-
tion 4.4, B is a direct summand of A as a left (resp. right) B-module. Then A is a
generator in BM (resp. MB), which implies the claim. ⊔⊓
Corollary 4.6. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be an entwined extension given by a grouplike element e ∈ C. Let T be a
k-subalgebra of B. Suppose that
(a) there exists a strong T -connection in (A,C, ψ)R;
(b) A is a flat left (resp. right) T -module;
(c) B is a flat right (resp. left) T -module;
(d) B is a direct summand of A as a left (resp. right) T -module.
Then A is R-relative injective as a left (resp. right) C-comodule.
Proof. By Proposition 4.4, B is a direct summand of A as a left (resp. right)
B-module and by Corollary 3.8, (A⊗
R
C)ψ is a Galois A-coring. Hence the assertion
follows by Proposition 4.1. ⊔⊓
5. The relative Chern-Galois character. Associated modules
The aim of this section is, given an entwined extension B ⊆ A with a strong T -
connection, to associate an Abelian group map from the Grothendieck group of a
coring to the even T -relative cyclic homology of B. A family of such maps is called a
relative Chern-Galois character.
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The Grothendieck group K0(C) of an R-coring C is defined as the Abelian group
of equivalence classes of left (or right) C-comodules that are finitely generated and
projective as R-modules. The addition is induced from direct sum of such comodules.
The following lemma shows that – just as one can associate an idempotent matrix of
elements of B to a finitely generated and projective module of an algebra B – finitely
generated and projective comodules of a coring C can be characterised in terms of a
‘coidempotent’ matrix of elements of C.
Lemma 5.1. Let W be a left comodule of an R-coring C and suppose that W is a
finitely generated and projective R-module. Let w = {wi ∈ W,χi ∈
∗W}i∈I be a finite
dual basis of W . Define
eij = (C⊗
R
χj)
[
W̺(wi)
]
=
∑
wi(−1)χj(wi(0)), i, j ∈ I.
Then, for all i, j ∈ I,
(1) W̺(wi) =
∑
j∈I eij⊗Rwj;
(2) eij =
∑
k∈I χk(wi)ekj =
∑
k∈I eikχj(wk);
(3) ∆C(eij) =
∑
k∈I eik⊗R ekj.
Proof. (1) By the dual basis property,
W̺(wi) =
∑
wi(−1)⊗
R
wi(0) =
∑
j∈I
wi(−1)χj(wi(0))⊗
R
wj =
∑
j∈I
eij⊗
R
wj .
(2) Since the coaction W̺ is left R-linear, we can compute
W̺(wi) =
∑
k∈I
W̺(χk(wi)wk) =
∑
k∈I
χk(wi)wk(−1)⊗
R
wk(0),
where the first equality follows by the dual basis property. Apply C⊗
R
χj to obtain the
first assertion. The equality eij =
∑
k∈I eikχj(wk) follows by (1).
(3) The coassociativity of W̺ and property (1) imply that∑
k∈I
∆C(eik)⊗
R
wk =
∑
k,l
eik⊗
R
ekl⊗
R
wl.
Apply C⊗
R
C⊗
R
χj, use the R-linearity of ∆C and (2) to obtain the assertion. ⊔⊓
In fact Lemma 5.1 has a converse, which allows one to reconstruct a left C-comodule
W that is finitely generated and projective as an R-module from a finite matrix
e = (eij)i,j∈I of elements in C such that ∆C(eij) =
∑
k∈I eik⊗R ekj. Indeed, the counit
property implies that the matrix p = (pij = εC(eij))i,j∈I is an idempotent matrix,
hence W = R(I)p is a finitely generated and projective left R-module. The left C-
coaction W̺ : W → C⊗
R
W is then defined by
(
∑
i∈I
ripij)j∈I 7→
∑
i,k∈I
rieik⊗
R
(pkj)j∈I ≃ (
∑
i∈I
rieij)j∈I .
Thus, rather than specifying a left C-comoduleW , we can equally well specify a matrix
of elements in C that satisfy conditions of Lemma 5.1 (3). Note further that such a
matrix also determines a right C-comodule that is finitely generated and projective as
a right R-module. This reflects the duality between finitely generated and projective
left and right comodules.
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Definition 5.2. Let (A,C, ψ)R be a bijective right entwining structure over R and
let B ⊆ A be an entwined extension. Let T be a k-subalgebra of B. Define the map
υT : A/[A, T ]→ (A⊗
R
C)ψ/[(A⊗
R
C)ψ, T ],
as the projection of the T -T -bimodule map
A→ (A⊗
R
C)ψ, a 7→ ̺
A(a)− a1[0]⊗
R
1[1].
Note that, for all b ∈ B, υT ([b]) = 0.
We say that the entwined extension B ⊆ A is T -flat if B and A are flat as left and
right T -modules and the map
(5.1) B/[B, T ]→ ker υT , [b] 7→ [b],
is an isomorphism.
If T = k, then the map (5.1) is always an isomorphism. Hence, in this case, B ⊆ A
is T -flat, provided A and B are flat T -modules. More generally, the map (5.1) is an
isomorphism if the functor
TMT →Mk, M 7→M/[M,T ],
preserves monics (e.g. if T is a separable k-algebra).
Lemma 5.3. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be an entwined extension. Let T be a k-subalgebra of B such that A is a flat
left and right T -module. For any strong T -connection ℓT : C → A⊗
T
A in (A,C, ψ)R,
write ℓT (c) =
∑
c(1)⊗
T
c(2), for all c ∈ C. Then
∑
ℓT (c(1))ℓT (c(2)) =
∑
c(1)
(1)⊗
T
c(1)
(2)c(2)
(1)⊗
T
c(2)
(2) ∈ A⊗
T
B⊗
T
A.
Proof. Since T is a k-subalgebra of B and B is a k-subalgebra of A, the coaction
̺A : A→ (A⊗
R
C)ψ being left B-linear is left T -linear and being right A-linear is right
T -linear. Compute, for all c ∈ C,
(A⊗
T
̺A⊗
T
A)(
∑
ℓT (c(1))ℓT (c(2))) =
∑
c(1)
(1)⊗
T
c(1)
(2)
[0]ψ(c(1)
(2)
[1]⊗
R
c(2)
(1))⊗
T
c(2)
(2)
=
∑
c(1)
(1)⊗
T
c(1)
(2)ψ(c(2)⊗
R
c(3)
(1))⊗
T
c(3)
(2)
=
∑
c(1)
(1)⊗
T
c(1)
(2)ψ(c(2)
(1)
(−1)⊗
R
c(2)
(1)
(0))⊗
T
c(2)
(2)
=
∑
c(1)
(1)⊗
T
c(1)
(2)c(2)
(1)1A[0]⊗
R
1A[1]⊗
T
c(2)
(2),
where the first equality follows by the fact that A is a right entwined module, the
second and the third equalities follow by the C-colinearity of ℓT , and the final equality
is a consequence of the definition (2.5) of the left C-coaction on A. Since A is flat as
a left and as a right T -module, the assertion follows. ⊔⊓
Theorem 5.4. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be a T -flat entwined extension. Suppose that there exists a strong T -connection
ℓT : C → A⊗
T
A in (A,C, ψ)R, and write ℓT (c) =
∑
c(1)⊗
T
c(2). For any finite matrix
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e = (eij)i,j∈I of elements of C such that ∆C(eij) =
∑
k∈I eik⊗R ekj and for any non-
negative integer n, define the following element of the circular tensor product
c˜hg
T
n (e) =
∑
i1,...,in+1∈I
ei1i2
(2)ℓT (ei2i3)ℓT (ei3i4) · · · ℓT (einin+1)ℓT (ein+1i1)ei1i2
(1)
=
∑
i1,...,in+1∈I
ei1i2
(2)ei2i3
(1)⊗̂
T
ei2i3
(2)ei3i4
(1)⊗̂
T
· · · ⊗̂
T
einin+1
(2)ein+1i1
(1)⊗̂
T
ein+1i1
(2)ei1i2
(1).
Then there is a family of maps of Abelian groups
chgT2n : K0(C)→ HC2n(B|T ), [W ] 7→ [
2n⊕
l=0
(−1)⌊l/2⌋
l!
⌊l/2⌋!
c˜hg
T
l (e)],
where e corresponds to a left C-comodule W as in Lemma 5.1 and ⌊x⌋ is the integer
value of x. The family chgT2n is termed a relative Chern-Galois character of the T -flat
(A,C, ψ)R-entwined extension B ⊆ A with a strong T -connection ℓT .
Proof. Lemma 5.3 together with the assumption that B ⊆ A is a T -flat extension
implies that, for all n ∈ N, c˜hg
T
n (e) ∈ B
b⊗T (n+1). Repeating the same steps as in the
proof of Lemma 5.3 one finds that υT ([
∑
i∈I eii
(2)eii
(1)]) = 0. Since B ⊆ A is a T -flat
extension, this implies that c˜hg
T
0 (e) ∈ B/[B, T ].
As ℓT is a strong T -connection,
∑
c(1)c(2) = ηA(εC(c)). Note further that the
c˜hg
T
n (e) are invariant under the cyclic operator (modulo sign). These two facts allow
one to derive the following relations (cf. Section 2.5 for the definitions of the maps
involved):
Nn(c˜hg
T
n (e)) = (n+ 1)c˜hg
T
n (e), ∂n(c˜hg
T
n (e)) = c˜hg
T
n−1(e)
if n is even, and
∂′n(c˜hg
T
n (e)) = c˜hg
T
n−1(e), τ˜n(c˜hg
T
n (e)) = 2c˜hg
T
n (e)
if n is odd (and 0 otherwise). These relations imply in turn that, for any non-negative
integer n,
⊕2n
l=0(−1)
⌊l/2⌋ l!
⌊l/2⌋!
c˜hg
T
l (e) is a cycle in the T -relative cyclic complex of B.
Next we prove that the c˜hg
T
n (e) do not depend on the choice of a dual basis. In
addition to a basis w = {wi ∈ W,χi ∈
∗W}i∈I that leads to the matrix e, take
a different dual basis w˜ = {w˜k ∈ W, χ˜k ∈
∗W}k∈eI , and let e˜ = (e˜kl)k,l∈eI be as in
Lemma 5.1, corresponding to basis w˜. Then, for all i ∈ I,
∑
i′∈I
eii′⊗
R
wi′ =
W̺(wi) =
∑
k∈eI
W̺(χ˜k(wi)w˜k) =
∑
k,l∈eI
χ˜k(wi)e˜kl⊗
R
w˜l.
Applying C⊗
R
χj and using Lemma 5.1 (2), we obtain, for all i, j ∈ I,
eij =
∑
k,l∈eI
χ˜k(wi)e˜klχj(w˜l).
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With this relation between the eij and the e˜kl at hand, and using the fact that a
strong T -connection is both left and right R-linear we can compute, for all i, j ∈ I,∑
p∈I
ℓT (eip)ℓT (epj) =
∑
p∈I,k,l,m,q∈eI
χ˜k(wi)e˜kl
(1)⊗
T
e˜kl
(2)χp(w˜l)χ˜m(wp)e˜mq
(1)⊗
T
e˜mq
(2)χj(w˜q)
=
∑
k,l,m,q∈eI
χ˜k(wi)e˜kl
(1)⊗
T
e˜kl
(2)χ˜m(w˜l)e˜mq
(1)⊗
T
e˜mq
(2)χj(w˜q),
where the second equality follows by the dual basis property. Using the left R-linearity
of ℓT and Lemma 5.1 (2) for the e˜kl, this can be rewritten further as∑
p∈I
ℓT (eip)ℓT (epj) =
∑
k,l,m,q∈eI
χ˜k(wi)ℓT (e˜kl)ℓT (χ˜m(w˜l)e˜mq)χj(w˜q)
=
∑
k,l,q∈eI
χ˜k(wi)ℓT (e˜kl)ℓT (e˜lq)χj(w˜q).
Using this equality sufficiently many times we obtain, for all n ∈ N,
c˜hg
T
n (e) =
∑
i∈I,i1,...,in+1,j∈eI
e˜i1i2
(2)ℓT (e˜i2i3)ℓT (e˜i3i4) · · · ℓT (e˜inin+1)ℓT (e˜in+1j)χi(w˜j)χ˜i1(wi)e˜i1i2
(1)
=
∑
i1,...,in+1,j∈eI
e˜i1i2
(2)ℓT (e˜i2i3)ℓT (e˜i3i4) · · · ℓT (e˜inin+1)ℓT (e˜in+1jχ˜i1(w˜j))e˜i1i2
(1)
= c˜hg
T
n (e˜),
where we used the dual basis property, the right R-linearity of ℓT and Lemma 5.1 (2).
Similarly, for the zeroth component,
c˜hg
T
0 (e) = [
∑
i∈I,j,k∈eI
e˜jk
(2)χi(w˜k)χ˜j(wi)e˜jk
(1)] = [
∑
j,k∈eI
e˜jk
(2)χ˜j(w˜k)e˜jk
(1)] = c˜hg
T
0 (e˜),
where the last equality follows by the R-linearity of ℓT and by Lemma 5.1 (2). Thus
we conclude that the c˜hg
T
n (e) do not depend on the choice of a dual basis of W .
Suppose that there is a left C-comodule isomorphism ϕ : W → Ŵ . As the c˜hg
T
n (e)
do not depend on the choice of a dual basis, we can choose the dual basis {ŵi =
ϕ(wi) ∈ Ŵ , χ̂i = χi ◦ ϕ
−1 ∈ ∗Ŵ}i∈I in Ŵ . Then
êij =
∑
ŵi(−1)χ̂j(ŵi(0)) =
∑
ϕ(wi)(−1)χj(ϕ
−1(ϕ(wi)(0)))
=
∑
wi(−1)χj(wi(0)) = eij .
The second equality follows by the left colinearity of ϕ. Thus the components c˜hg
T
n (ê)
of the relative Chern-Galois cycle for the matrix ê corresponding to Ŵ coincide with
c˜hg
T
n (e). All this proves that the maps chg
T
2n are well-defined. To prove that these
are group morphisms, note that if W = W 1 ⊕W 2, then the matrix e = (eij)i,j∈I is
a direct sum e = e1 ⊕ e2 of corresponding matrices for W 1 and W 2. The explicit
form of the relative Chern-Galois cycle then immediately implies that c˜hg
T
n (e) =
c˜hg
T
n (e
1)+c˜hg
T
n (e
2), hence chgT2n([W
1⊕W 2]) = chgT2n([W
1])+chgT2n([W
2]), as required.
⊔⊓
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In case T = k, the components of the relative Chern-Galois characters are denoted
by c˜hgn and chg2n. We now describe Chern-Galois characters for examples of entwined
extensions constructed in Section 3.
Example 5.5. Consider a strong T -connection ℓT in a bijective entwining structure
(A,C, ψ)B described in Example 3.10. Assume that the extension A
coC ⊆ A is T -flat.
Let e = (eij)i,j∈I be a finite matrix of elements of C such that the condition (3) in
Lemma 5.1 is satisfied. Write eij :=
∑
m∈Mij
aij
(m)⊗
R
a˜ij
(m) and σT (a) =
∑
a{1}⊗
T
a{2}
for the components of a left R-linear, right C-colinear section of the R-multiplication
map R⊗
T
A→ A that defines ℓT . Then
c˜hg
T
n (e) =
∑
a˜i1i2
(m1){2}ai2i3
(m2)ηA(a˜i2i3
(m2){1})⊗̂
T
a˜i2i3
(m2){2}ai3i4
(m3)ηA(a˜i3i4
(m3){1})⊗̂
T
· · · ⊗̂
T
a˜i2n+1i1
(mn+1){2}ai1i2
(m1)ηA(a˜i1i2
(m1){1}),
where summation is over the indices: i1, . . . , in+1 ∈ I, m1 ∈Mi1i2 , . . . , mn+1 ∈Min+1i1
and over the components of the map σT .
In particular, if R is a separable k-algebra and the strong k-connection ℓ is induced
by a separability idempotent
∑
l∈L el⊗k fl, then
c˜hgn(e) =
∑
ηA(fl1)a˜i1i2
(m1)ai2i3
(m2)ηA(el2)⊗
k
ηA(fl2)a˜i2i3
(m2)ai3i4
(m3)ηA(el3)⊗
k
· · ·⊗
k
ηA(fln+1)a˜in+1i1
(mn+1)ai1i2
(m1)ηA(el1),
where summation is over the indices: i1, . . . , in+1 ∈ I,m1 ∈Mi1i2, . . . , mn+1 ∈Mi2n+1i1
and l1, . . . , ln+1 ∈ L.
Example 5.6. Let H be a Hopf algebroid with a bijective antipode and let B ⊆ A
be a cleft H-extension as in Example 3.11. Suppose that there exists a strong T -
connection (3.2) in the bijective entwining structure in Example 2.5 (1-2) and assume
that the extension B ⊆ A is T -flat.
Let e = (eij)i,j∈I be a finite matrix of elements of H such that the condition (3)
in Lemma 5.1 is satisfied for the coproduct γR of the right bialgebroid in H, and set
c : =
∑
i∈I eii. For a map fT in Example 3.11, write fT (h) =
∑
h(1)⊗
T
h(2). Then
c˜hg
T
n (e) =
∑
c(n+3−t)
(2)c(n+4−t)
(1)⊗̂
T
. . . ⊗̂
T
c(n+1)
(2)c(n+2)
(1)⊗̂
T
c(n+2)
(2)j(c(n+3))j˜(c(1))c(2)
(1)⊗̂
T
c(2)
(2)c(3)
(1)⊗̂
T
. . . ⊗̂
T
c(n+2−t)
(2)c(n+3−t)
(1),
for any t = 1, . . . , n+1, where
∑
c(1)⊗
L
. . .⊗
L
c(n+3) stands for the action of the coprod-
uct γL iterated n + 2 times on c.
In the particular example of ℓL = (j˜⊗
L
j) ◦ γL we obtain
c˜hg
L
n(e) =
∑
1A⊗̂
L
. . . ⊗̂
L
1A⊗̂
L
j(c(2))j˜(c(1))⊗̂
L
1A⊗̂
L
. . . ⊗̂
L
1A.
In contrast to cleft Hopf algebra extensions, cleft Hopf algebroid extensions provide
non-trivial relative Chern-Galois characters.
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Example 5.7. Let B ⊆ A be a balanced depth 2 split Frobenius extension of k-
algebras such that the commutant R of B in A is a separable k-algebra. Suppose that
A is a flat k-module. Let W be a left comodule for the right bialgebroid (A⊗
B
A)B
that is finitely generated and projective as a left R-module and let e = (eij)i,j∈I be
the corresponding matrix of elements of (A⊗
B
A)B (cf. Lemma 5.1). Take a finite dual
basis w = {wi ∈ W,χi ∈
∗W}i∈I and introduce the element∑
q
xq⊗
B
x′q : =
∑
i∈I
((A⊗
B
A)B⊗
R
χi)W̺(wi) ≡
∑
i∈I
eii
of (A⊗
B
A)B. Fix the data as in (a)-(d) of Example 3.12. By Lemma 5.1 (3) and
the form of the coproduct in the bialgebroid (A⊗
B
A)B, the following identity holds in
(A⊗
B
A)B⊗̂
R
(A⊗
B
A)B.
∑
j∈J,m∈Mj ,q
(xq⊗
B
γj(x
′
q))⊗̂
R
(cjm⊗
B
c′jm) =
∑
j∈J,m∈Mj ,q
(cjm⊗
B
c′jm)⊗̂
R
(xq⊗
B
γj(x
′
q)).
Hence, substituting the strong connection in Example 3.12 in the definition of the
(k-relative) Chern-Galois cycle of e in Theorem 5.4, its components come out as
c˜hg0(e) =
∑
k∈K,l∈L,q ϕ(vkflxq)ω(x
′
qeluk) and, for n ∈ N,
c˜hgn(e) =
∑ (⊗t−2
p=1 ϕ(vkpflpc
jp
mp)ω(γjp+1(c
′jp
mp)elp+1ukp+1)
)
⊗ ϕ(vkt−1flt−1c
jt−1
mt−1)ω(c
′jt−1
mt−1eltukt)
⊗ ϕ(vktfltxq)ω(γjt(x
′
q)elt+1ukt+1)(⊗n+1
p=t+1 ϕ(vkpflpc
jp−1
mp−1)ω(γjp(c
′jp−1
mp−1)elp+1ukp+1)
)
for any t = 1, . . . , n+1, where the indices of k and l are understood modulo n+1 and
the indices of j and m are understood modulo n. The summation is over the indices:
k1, . . . , kn+1 ∈ K, l1, . . . , ln+1 ∈ L, j1, . . . , jn ∈ J , m1 ∈Mj1, . . . , mn ∈Mjn and q.
Noting that HC0(B) = B/[B,B], and using the above explicit expression for the
components of the relative Chern-Galois cycle, one immediately finds that the ze-
roth component of the relative Chern-Galois character has the following simple form
chg0(e) =
∑
q[ϕ(x
′
qxq)] ∈ B/[B,B].
The relative Chern-Galois character defined in Theorem 5.4 is ‘relative’, because it
depends on T and also on the choice of a strong connection. The rest of this section
is devoted to finding sufficient conditions for chgT∗ to be independent of ℓT . The basic
idea for this is to associate a finitely generated and projective B-module to a given
entwined extension and a comodule, and then to reveal a connection between the
relative Chern-Galois character and the relative Chern character of B.
Note that, given an entwined extension B ⊆ A in a right entwining structure
(A,C, ψ)R, and a left C-comodule W , the cotensor product A✷CW is a left B-module
with the natural product b⊗
k
∑
i ai⊗Rwi 7→
∑
i bai⊗Rwi. We will study when this module
is (relatively) projective.
Theorem 5.8. Let (A,C, ψ)R be a bijective right entwining structure over R and let
B ⊆ A be an entwined extension. Let T be a k-subalgebra of B. Suppose that A is
a projective right T -module, a flat left T -module and a faithfully flat right B-module.
If there exists a strong T -connection in (A,C, ψ)R, then, for any left C-comodule W
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that is finitely generated as a left R-module, Γ = A✷CW, is a finitely generated and
T -relative projective left B-module.
Proof. First we show that Γ is a finitely generated left B-module. Since A is
a flat right B-module, there is an isomorphism of left A-modules, A⊗
B
(A✷CW ) ≃
(A⊗
B
A)✷CW. In view of the flatness of A as a left or as a right T -module, the canonical
map canA : A⊗
B
A→ A⊗
R
C is an isomorphism of right C-comodules by Corollary 3.8.
Since −✷CW : M
C →Mk is a covariant functor (cf. [16, 21.3]), the map canA✷CW
is an isomorphism, so that the above isomorphism can be extended to
A⊗
B
(A✷CW ) ≃ (A⊗
B
A)✷CW ≃ (A⊗
R
C)✷CW.
Finally, note that (A⊗
R
C)✷CW ≃ A⊗
R
W (cf. [16, 21.4-5]), hence there is an isomor-
phism of left A-modules
A⊗
B
Γ ≃ A⊗
R
W.
Since W is a finitely generated left R-module, A⊗
R
W is a finitely generated left A-
module, hence also A⊗
B
Γ is a finitely generated left A-module. Since A is a faithfully
flat right B-module, [2, Ch. 1§3 Prop. 11] implies that Γ is a finitely generated left
B-module.
Since A is a projective right T -module by assumption and a (C, T )-projective right
B-module by Theorem 3.7 (4), it follows that A is a projective right B-module. As it is
also a faithfully flat right B-module, the right regular B-module is a direct summand
of A (cf. [31, 2.11.29]). In particular the right T -module B is a direct summand of
the flat T -module A, hence also B is a flat right T -module.
Since all the assumptions of Theorem 3.7 (3) are satisfied, there exists a left B-
module right C-comodule section σT : A → B⊗
T
A of the product, and we can define
the left B-module map
σ˜ = σT✷CW : Γ = A✷CW → (B⊗
T
A)✷CW ≃ B⊗
T
(A✷CW ) = B⊗
T
Γ.
The last isomorphism follows by the flatness of B as a right T -module. The map σ˜
clearly is a section of the B-multiplication in Γ (as σT is a section of the multiplication
map B⊗
T
A→ A), hence Γ is a T -relative projective left B-module. ⊔⊓
Remark 5.9. In view of Corollary 3.9, the assumption of Theorem 5.8 that A is a
faithfully flat right B-module is satisfied provided A is a faithfully flat right T -module.
Furthermore, if the C-coaction on A is given by a grouplike element e ∈ C, then A is a
faithfully flat right B-module provided B is a flat left T -module and a right T -module
direct summand of A by Corollary 4.5. (These assumptions hold e.g. in Example 5.7).
Obviously, all these assumptions are satisfied in case T is equal to a ground field k.
In relation to the Chern-Galois character, the case of a comoduleW that is not only
finitely generated but also projective as a left R-module is of particular interest. In
this case, the B-module Γ is projective under weakened assumptions on the T -module
A and the explicit form of an idempotent can be worked out.
Recall from [36] (cf. [16, 42.10]) that a right T -moduleM is called a locally projective
module if every finitely generated submodule of M is projective, i.e. if, for any finitely
generated submodule X of M , there exist elements x1, . . . , xn ∈ M and ξ1, . . . , ξn ∈
M∗ such that, for all x ∈ X , x =
∑n
i=1 xiξi(x). In particular, any locally projective
module is a flat module (cf. [16, 42.11]). The following theorem gives an explicit
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form of an idempotent for Γ and thus asserts that Γ is a finitely generated projective
B-module.
Theorem 5.10. Let (A,C, ψ)R be a bijective right entwining structure over R and
let B ⊆ A be an entwined extension. Let T be a k-subalgebra of B and suppose that
the extension B ⊆ A splits as a B-T bimodule. Suppose furthermore that A is a
locally projective right T -module, a flat left T -module and that there exists a strong
T -connection ℓT : C → A⊗
T
A in (A,C, ψ)R. Let W be a left C-comodule that is finitely
generated and projective as a left R-module with a finite dual basis w = {wi ∈ W,χi ∈
∗W}i∈I, and let eij ∈ C be as in Lemma 5.1. Let X be a right T -submodule of A finitely
generated by eij
(1)
ν, i, j ∈ I, where ℓT (eij) =
∑n
ν=1 eij
(1)
ν⊗
T
eij
(2)
ν . Choose a finite set
x = {xp ∈ A, ξp ∈ Hom−T (A, T )}p∈P such that, for all x ∈ X, x =
∑
p∈P xpξp(x), and
define the family of right C-comodule maps
ℓp = (ξp⊗
T
A) ◦ ℓT : C → A, p ∈ P.
Choose a B-T bimodule retraction φ : A → B of the inclusion B ⊆ A and define the
finite matrix of elements in B,
E = (E(i,p),(j,q))(i,p),(j,q)∈I×P , E(i,p),(j,q) = φ(ℓp(eij)xq).
The matrix E is an idempotent and the left B-module Γ = A✷CW is isomorphic to
B(I×P )E.
Remark 5.11. In view of Corollary 3.9, in the case when T is equal to the ground ring
k, the assumptions of Theorem 5.10 that A is a locally projective k-module and B is
a direct summand in A as a left B-module are satisfied provided A is a faithfully flat
and projective k-module. Furthermore, by Proposition 4.4, if the C-coaction in A is
given by a grouplike element e ∈ C and A is a locally projective k-module, then B is
a direct summand in A as a left B-module provided B is a k-direct summand of A.
Obviously, all these assumptions are satisfied in case k is a field.
The assumptions of Theorem 5.10 hold in Example 5.7 provided that A is a locally
projective k-module.
Note also that if, in addition to the assumptions of Theorem 5.10, the map (5.1) is
an epimorphism, then B ⊆ A is a T -flat extension.
The proof of the theorem uses the following lemma formulated within the notation
and assumptions of Theorem 5.10.
Lemma 5.12. For all i ∈ I and p ∈ P , let γip =
∑
j∈I ℓp(eij)⊗Rwj ∈ A
⊗
R
W. Then
(1) γip ∈ Γ;
(2)
∑
j∈I,q∈P E(i,p)(j,q)γjq = γip.
Proof. (1) This is proven by the following explicit computation
(̺A⊗
R
W )(γip) =
∑
j∈I
ξp(eij
(1))eij
(2)
[0]⊗
R
eij
(2)
[1]⊗
R
wj
=
∑
j,k∈I
ξp(eik
(1))eik
(2)⊗
R
ekj⊗
R
wj
=
∑
k∈I
ℓp(eik)⊗
R
∑
j∈I
ekj⊗
R
wj = (A⊗
R
W̺)(γip),
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where the first equality follows by the left T -linearity of ̺A and the second equality
follows by the right C-colinearity of the strong T -connection ℓT and by Lemma 5.1 (3).
(2) By the definition of the set x, for all c ∈ C,
(5.2)
∑
p∈P
xp⊗
T
ℓp(c) = ℓT (c).
Compute
∑
j∈I,q∈P
E(i,p)(j,q)γjq =
∑
j,k∈I,q∈P
φ(ℓp(eij)xq)ℓq(ejk)⊗
R
wk
=
∑
j,k∈I
ξp(eij
(1))φ(eij
(2)ejk
(1))ejk
(2)⊗
R
wk
=
∑
j,k∈I
ξp(eij
(1))eij
(2)ejk
(1)ejk
(2)⊗
R
wk
=
∑
k∈I
ξp(eik
(1))eik
(2)⊗
R
wk = γip,
where the second equality follows by the T -T bilinearity of φ and (5.2). The third
equality follows by Lemma 5.1 (3) combined with Lemma 5.3 and the fact that φ
restricted to B is the identity map. The penultimate equality is a direct consequence
of the definition of a strong T -connection (cf. proof of Theorem 3.7). ⊔⊓
Proof of Theorem 5.10. We first show that E is an idempotent matrix. This is
proven by the following direct computation, for all i, k ∈ I and p, r ∈ P ,
∑
j∈I,q∈P
E(i,p)(j,q)E(j,q)(k,r) =
∑
j∈I,q∈P
φ(ℓp(eij)xq)φ(ℓq(ejk)xr)
=
∑
j∈I
ξp(eij
(1))φ(eij
(2)ejk
(1))φ(ejk
(2)xr)
=
∑
j∈I
ξp(eij
(1))φ(φ(eij
(2)ejk
(1))ejk
(2)xr)
=
∑
j∈I
ξp(eij
(1))φ(eij
(2)ejk
(1)ejk
(2)xr) = E(i,p)(k,r),
where the second equality follows by the T -T bilinearity of φ and (5.2), the third
one is a consequence of the left B-linearity of φ. The fourth equality follows by
Lemma 5.1 (3) combined with Lemma 5.3 and the fact that φ restricted to B is the
identity map, and the final equality is a consequence of the definition of a strong
T -connection. This concludes the proof that E is an idempotent matrix.
Consider the left B-module map
Θ : B(I×P )E → Γ,( ∑
i∈I,p∈P
bipE(i,p)(j,q)
)
(j,q)∈I×P
7→
∑
i,j∈I,p,q∈P
bipE(i,p)(j,q)γjq =
∑
i∈I,p∈P
bipγip,
where the last equality follows by Lemma 5.12 (2). The map Θ has its range in
Γ by Lemma 5.12 (1). We first show that Θ is an injective map. Suppose that
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∑
i∈I,p∈P bipγip = 0. This implies that, for all j ∈ I,
0 =
∑
i,k∈I,p∈P
bipℓp(eik)χj(wk) =
∑
i,k∈I,p∈P
bipℓp(eikχj(wk)) =
∑
i∈I,p∈P
bipℓp(eij),
where we used that ℓp is a right C-comodule map, hence a right R-module map, and
Lemma 5.1 (2). Thus, in particular, for all j ∈ I and q ∈ P ,
∑
i∈I,p∈P bipℓp(eij)xq = 0,
hence, as φ is left B-linear,
0 =
∑
i∈I,p∈P
bipφ(ℓp(eij)xq) =
∑
i∈I,p∈P
bipE(i,p)(j,q).
Therefore, Θ is a left B-module monomorphism. To prove that Θ is an epimorphism
we first take any
∑
n a
n⊗
R
vn ∈ Γ and compute
∑
i,k∈I,p∈P,n
anχi(v
n)xp⊗
T
ℓp(eik)⊗
R
wk =
∑
i,k∈I,n
anχi(v
n)ℓT (eik)⊗
R
wk
=
∑
i,k∈I,n
anℓT (χi(v
n)eik)⊗
R
wk =
∑
i∈I,n
anℓT ((χi(v
n)wi)(−1))⊗
R
(χi(v
n)wi)(0)
=
∑
n
anℓT (v
n
(−1))⊗
R
vn(0) =
∑
n
an[0]ℓT (a
n
[1])⊗
R
vn,
where the first equality follows by (5.2), the second by the R-linearity of ℓT and
the third by Lemma 5.1 (1). Then the dual basis property is used, and finally, the
fact that
∑
n a
n⊗
R
vn is in the cotensor product is employed. Recall from the proof
of Theorem 3.7 that the map a 7→
∑
a[0]ℓT (a[1]) ∈ B⊗
T
A is a section of the product
B⊗
T
A → A, so that, applying (µA⊗
R
W ) ◦ (φ⊗
T
A⊗
R
W ) to the equality just derived, we
obtain ∑
n
an⊗
R
vn =
∑
i∈I,p∈P,n
φ(anχi(v
n)xp)γip.
This shows that
∑
n a
n⊗
R
vn ∈ ImΘ, hence Θ is an epimorphism. Therefore, Θ is a
required isomorphism of left B-modules. ⊔⊓
With every finite idempotent matrix F = (fij) with entries from a T -ring B one
associates a family of elements in the circular tensor product (cf. Section 2.5)
(5.3) c˜h
T
n (F) =
∑
i1,...,in+1
fi1i2⊗̂
T
fi2i3⊗̂
T
· · ·⊗
k
finin+1⊗̂
T
fin+1i1 ∈ B
⊗̂
T
(n+1)
,
n ∈ N ∪ {0}. Since F is an idempotent and c˜h
T
n (F) is invariant under the cyclic
operator (modulo sign), one easily finds that
⊕2n
l=0(−1)
⌊l/2⌋ l!
⌊l/2⌋!
c˜h
T
l (F) is a 2n-cycle
in the total relative cycle homology complex (cf. the proof that chgT2n(e) is an even
cycle). The corresponding family of homology classes
(5.4) chT2n(F) := [
2n⊕
l=0
(−1)⌊l/2⌋
l!
⌊l/2⌋!
c˜h
T
l (F)] ∈ HC2n(B|T )
is called a T -relative Chern character of B. Each of the elements c˜h
T
n (F) defined by
equation (5.3) is called the n-th component of the T -relative Chern cycle associated to
F. Note that the relative Chern character chT2n(F) is related to the Chern character
THE RELATIVE CHERN-GALOIS CHARACTER 33
ch2n(F) (cf. [29, Section 8.3]), by ch
T
2n(F) = λ∗ ◦ ch2n(F), where λ∗ : HC∗(B) →
HC∗(B|T ) is the canonical surjection. Hence the relative Chern character defines a
family of Abelian group morphisms K0(B)→ HC∗(B|T ).
Lemma 5.13. With the notation and assumptions of Theorem 5.10, the components
of the T -relative Chern cycle associated to E come out as c˜h
T
0 (E) = [
∑
i∈I φ(eii
(2)eii
(1))]
and, for n ∈ N,
c˜h
T
n (E) =
∑
i1,...,in+1∈I
ei1i2
(2)ℓT (ei2i3)ℓT (ei3i4) · · · ℓT (einin+1)ℓT (ein+1i1)ei1i2
(1)
=
∑
i1,...,in+1∈I
ei1i2
(2)ei2i3
(1)⊗̂
T
ei2i3
(2)ei3i4
(1)⊗̂
T
· · · ⊗̂
T
einin+1
(2)ein+1i1
(1)⊗̂
T
ein+1i1
(2)ei1i2
(1).
Proof. The explicit form of c˜h
T
n (E) is computed directly from the definition of E
and from equation (5.3). For the zeroth component,
c˜h
T
0 (E) = [
∑
i∈I,p∈P
φ(ℓp(eii)xp)] = [
∑
i∈I,p∈P
φ(eii
(2)xpξp(eii
(1)))] = [
∑
i∈I
φ(eii
(2)eii
(1))],
where the second equality follows by the definition of A/[A, T ] and the T -bilinearity
of φ. With the help of (5.2), Lemma 5.1 (3) and Lemma 5.3, and also using the fact
that φ is a T -T bimodule map and, if restricted to B, it is the identity map, we can
compute, for all n > 0,
c˜h
T
n (E) =
∑
i1,...,in+1∈I
p1,...,pn+1∈P
E(i1,p1)(i2,p2)⊗̂T · · ·
⊗̂
T
E(in,pn)(in+1,pn+1)⊗̂T E(in+1,pn+1)(i1,p1)
=
∑
i1,...,in+1∈I
p1,...,pn+1∈P
φ(ℓp1(ei1i2)xp2)⊗̂
T
· · · ⊗̂
T
φ(ℓpn(einin+1)xpn+1)⊗̂
T
φ(ℓpn+1(ein+1i1)xp1)
=
∑
i1,...,in+1∈I
φ(ei1i2
(2)ei2i3
(1))⊗̂
T
· · · ⊗̂
T
φ(einin+1
(2)ein+1i1
(1))⊗̂
T
φ(ein+1i1
(2)ei1i2
(1))
=
∑
i1,...,in+1∈I
ei1i2
(2)ℓT (ei2i3)ℓT (ei3i4) · · · ℓT (einin+1)ℓT (ein+1i1)ei1i2
(1).
This completes the proof. ⊔⊓
If the map (5.1) is an isomorphism, then the components of the Chern character
associated to E are equal to the components of the Chern-Galois character. This
observation leads to the following
Theorem 5.14. Let (A,C, ψ)R be a bijective right entwining structure over R and
let B ⊆ A be an entwined extension with a strong T -connection, where T is a k-
subalgebra of B. Suppose that the extension B ⊆ A splits as a B-T bimodule, that A
is a locally projective right T -module, a flat left T -module and that the map (5.1) is an
epimorphism. Then the relative Chern-Galois character chgT2n : K0(C)→ HC2n(B|T )
does not depend on the choice of a strong connection.
Proof. If Γ = A✷CW , isomorphic C-comodules W lead to isomorphic B-modules
Γ. As cotensor product respects direct sums, the assignment W 7→ Γ descends to an
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Abelian map of Grothendieck groups. Thus, in view of Lemma 5.13, any component
of the relative Chern-Galois character can be understood as a composition
chgT2n : K0(C)
// K0(B)
ch2n
// HC2n(B)
λ∗
// HC2n(B|T ).
The first map does not depend on the choice of ℓT as the definition of Γ is independent
of the choice of a strong connection. The second map is independent of ℓT , since the
Chern character is independent of the choice of an idempotent by [29, Theorem 8.3.4].
The canonical epimorphism λ∗ : HC∗(B) → HC∗(B|T ) (cf. Section 2.5) is obviously
independent of ℓT . ⊔⊓
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